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Abstract 

Integral vertical disruption force acting on the tokamak vacuum vessel wall is analytically calculated starting from 

the Maxwell equations and the Ohm’s law for the wall. With axial symmetry, these allow transformations of the integral to 

the expression explicitly showing the key parameters in the task. It is confirmed, in particular, that the toroidal current 

density in the plasma fully determines the plasma contribution into the force, while the knowledge of the poloidal halo 

current is not needed. Another finding is that, for the wall current description, two modes with different decay rates are 

required. The force is examined with emphasis on the post-disruption stage. The model proposed in (Miyamoto 2011 Plasma 

Phys. Control. Fusion 53 082001) is revised. The study is fully analytical. 

1. INTRODUCTION 

For the ITER discharges with 15 MA current, the disruption-induced vertical force w
zF  on the vacuum vessel 

(VV) wall is expected on the level of 100 MN (though with some scatter in the predictions: about 120 MN in [1] 

or 75 MN in [2]). Such marginally tolerable loads can pose severe operational limitations. This and the absence 

of sufficient knowledge make the reduction of the vertical force in large tokamaks an important topic [3]. 

Despite a long history of research, there are still unresolved questions and even conflicts between theoretical 

concepts. One was inspired by a formula for w
zF  proposed in [4] and recently criticized in [5]. Another one is 

related to the role of the halo currents. The wide-spread opinion is that “the forces associated with halo currents 

are a major contributor to the vertical force acting on the torus vessel during a disruption” [6]. However, in a 

stark contrast, it was stated that the total vertical force is largely unaffected when the amount of halo current 

changes [2]. Being solidly supported by reliable 2D calculations and analytical arguments for the forces due to 

wall halo currents and toroidal currents in the open field line region, this deserves a closer inspection. 

A reliable basis is needed for discussion of these and related issues. To cover the existing approaches, it has to 

be built from the first principles with minimal assumptions. These are usually introduced to overcome the 

uncertainties in the plasma description, though actually could be postponed till clarification of the necessary set 

of relevant parameters. The meaning of this can be illustrated by the question: do we really need a detailed 

description of the halo current in the task? A positive answer would seem natural, but premature before 

integration of Bj  over the wall (here, the current density and magnetic field, respectively). And finally the 

opposite will be shown. 

The derivations here start from the Maxwell equations. Initially only axial symmetry is assumed. There are no 

simple or generally accepted rules for description of the halo current density hj  in tokamaks, but two properties 

allow to transform the expression for w
zF  without the knowledge of the poloidal component of hj : the axial 

symmetry and the closure of the lines of hj  inside the full system plasma + wall (w+ = pl + w). The expression 

is further simplified by accounting for the fact that the toroidal currents do not produce an integral force on 

themselves. After these transformations, the general result (justified in Sec. 2) 





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is already meaningful. In particular, it allows evaluation of the findings in [2] and constructions in [4]. Here j  

is the toroidal current density, and c
rB  is the radial component of the external magnetic field produced by the 

poloidal coils. The presence of only j  in (1) is consistent with a numerical proof in [2]. The integration over 
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the volume includes both the plasma and wall. The latter is unavoidable, which refutes the statement in [4] that 

it is possible to calculate the vertical force w
zF  without explicitly using the knowledge of the eddy current in the 

vessel. 

The latter is obviously incorrect when only the integral over the wall remains in (1), as it occurs after the end of 

disruption, when 0pl
j . This unexplored area attracts attention because some computations show [7–11] that 

the post-disruption force w
zF  can be large enough.  

Here, the force generation is treated as a two-stage process, during the disruption itself and resulting due to the 

wall current evolution after the disruption. This combines two dynamic tasks: one with the plasma-wall 

electromagnetic interaction producing a large current in the toroidal VV wall, and another with redistribution 

and decay of the currents induced in the wall. The second step is needed because a rapid CQ cannot produce a 

sizable integral force [12], but the force must appear afterwards. 

Description of the wall as a resistive conductor becomes a part of the task. In the model recommended for ITER 

and future tokamaks in [4], it was proposed to treat the vessel current decay “uniformly in space”, which means 

with a single time constant. This would give a pure exponential decay of the post-disruption force w
zF , while the 

CarMa0NL computations [7] demonstrated essentially different behaviour with a phase of w
zF  growing to quite 

a high level. This conflict of the predictions is also analysed. 

2. GENERAL EXPRESSION FOR THE VERTICAL FORCE ON THE WALL 

By definition, the net electromagnetic vertical force on the wall is 

 

w

z
w
z dVF Bje ,       (2) 

where zz e  is the unit vector along the main vertical axis of the torus, the integration is performed over the 

wall volume. A similar force pl
z Fe   on the plasma is given by the same expression with integration over the 

plasma. For the description of axisymmetric events, we can use the representation 

pttp BjBjBj        (3) 

with subscripts p and t denoting the poloidal and toroidal components, respectively. In such a model, pp Bj   

is, at least, negligible or even zero,   )(0 tp rBj  and 2
0

2 )(2 ttp rBr Bj . Therefore, 

)()(2 2
0 zttpz B eBje   because 0])([  zrf e  (with 2/1 rf   in this particular case). By using this 

property again we obtain 

0 
w

tpz dVBje        (4) 

with integration performed over the toroidal volume bounded by the axially symmetric surface w  on the outer 

side of the wall, where consttrB . These transformation lead to 






w

ptz

w

z
pl

z
w
z dVdVFF BjeBje .    (5) 

Since pl
zF  must be several orders smaller than w

zF  [12], this can be used as a starting expression for the vertical 

force on the wall. The notation refers to the conventional cylindrical coordinates ),,( zr   related to the main 

vertical axis of the torus. 

The result in (5) is determined by the toroidal component of j , while pj  is absent there. The plasma-wall 

separation or contact have not been constrained on the way to (5) that must be valid with or without halo current 

hj  traditionally introduced as the poloidal current flowing from the plasma into the wall and back. The halo 

current disappeared in (5) after the integration over the volume inside w , where the lines of hj  are fully 

closed. Without trace of hj  in (5), the dependence of the force on hj  must be implicit through tj . 

Equation (5) contains the full magnetic field  
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BBBB         (6) 

automatically accounting for electromagnetic interaction of all current-carrying elements. Here pl, c and w 

denote, respectively, plasma, external coils and vacuum vessel wall. Since the integral force self-produced by 

the system pl + w must be zero, only 
c
pB  will remain in (5). It is then reduced to equation (1), which is a purely 

electromagnetic relation for an axisymmetric system separated from the external currents by the toroidal surface 

w  ( 0j  on w ). Being obtained without assumptions on the plasma properties, it is compatible with any 

plasma model. The important point is that the tokamak plasma is a lightweight medium, and its motion toward 

the wall is slow enough for disregarding the force on the plasma pl
zF  in (1). 

3. REDUCTION OF (1) 

In a tokamak, the external poloidal magnetic field can be represented as 

... 
c
q

cc
p BBB ,       (7) 

where c
B  is the uniform vertical component, and c

qB  is the quadrupole one. The standard analytical theory of 

plasma equilibrium was developed for a tokamak with a circular plasma and 0
c

B  only. This field is needed 

for plasma positioning. Incorporation of c
qB  is a step ahead allowing for the control of plasma elongation, see 

[13] and references therein. These two fields must be the dominant harmonics, while those with higher polarities 

(unaccounted for in (7)) can be either “by-products” appearing because of the discrete structure of the external 

currents in real tokamaks, or intentionally created for additional shaping of the plasma.  

One can see that c
B  drops out of (1), which means that the vertical force w

zF  must be zero in a tokamak with 

such a field only (with cc
p  BB ). It is interesting that the presented equations lead to this general conclusion 

irrespective of the plasma parameters, scenarios of the discharge or the plasma/wall shapes. This makes c
qB  the 

main term in (7) necessary for calculating w
zF . 

Equation (1) can be rewritten as 










w

c
pl

z
w
z dS

z
jFF


 ,     (8) 

where we have used the identity  rdSdV 2  and relation   cc
pB2  with c  being the poloidal flux 

created by the currents in the control coils external to the torus w . Therefore 0)/(div 2  rc  within the 

volume w . In the large-aspect-ratio, we can use the multipole expansion [13] 

...2
0  

c
q

ccc Br        (9) 

corresponding to (7). Here c
0  is the time-depending constant describing the flux consumption for generating 

the toroidal electric field. The second term appears because of the uniform vertical field cB  produced for 

controlling the plasma horizontal position, and  

])()[( 22
qqq

c
q RrzzC       (10) 

(being a solution in the limit 1/ qRr ) is responsible for the plasma elongation. The presence of qz  and qR  

in (10) allows for the shift of the null point of c
qB  with respect to the VV centre. For the relation of qC  to the 

plasma parameters, see [13], where the external task for an “elongated” tokamak plasma was analytically solved 

with account of the toroidal corrections in the linear approximation.  

With the last two relations, substitution of c  into (8) yields 

)(2 w
IZ

pl
IZq

pl
z

w
z MMCFF  ,     (11) 

where  

 




 dS

R

r
zzjM

w

qIZ 2

2

)( ,      (12) 
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and   is either pl or w. This is the most convenient form for comparisons with various expressions relating w
zF  

to so-called vertical current moment, see Eq. (2) in [3] and an equation in section 4.2.2 in [11].  

In [3], the force reduction during mitigated disruptions was attributed to the reduction of pl
IZM , defined there 

like (12) with 22 / wRr  replaced by unity. More important is the absence of qz  in [3], especially in view of the 

fact that qz  is also present in 
w
IZM . The latter quantity did not appear in [3, 11], the integration in (12) was 

performed over the plasma only. It is explained in [3] that this must be the full plasma region (including the 

SOL), but nothing is said on the currents in the wall. In our equation (11), the integration covers the wall too.  

In [14], it is explicitly stated (with reference to [3]) that the vertical force on the wall is proportional to the 

change in the vertical current moment, which means to pl
IZM  in our notation. This could be true if 

w
IZ

pl
IZ MM  . However, we can immediately refer to theoretical prediction [12] that 0w

zF  in the ideal-

wall limit. Then formula (11) requires that 0 w
IZ

pl
IZ MM . In this example, both “current moments” must vary 

synchronously in antiphase making w
zF  insensitive to pl

IZM  so that w
zF  remains fixed irrespective of pl

IZM  

evolution. Before a final conclusion on the efficiency of the reduction strategy proposed in [3, 14], the 

conditions for disregard of 
w
IZM  have to be specified and justified. 

 In [3], the vertical force on the wall was symbolically presented as 

cvcp
w
z FFF ,,  ,       (13) 

which is the starting Eq. (1) there. With proper definitions this could be equivalent to our equations (1) and its 

reduced consequence (11). However, no expression for the force cvF ,  produced by the poloidal field coils on the 

vacuum vessel has been given in [3], and the role of cvF ,  in (13) or 
w
IZM  in (11) has not been evaluated (the 

same in [14]).  

We already explained that the both terms in (11) and (13) must be strongly coupled during rapid events with 
w
IZ

pl
IZ MM   in the ideal-wall limit. The practical consequence is that the amplitudes of these increments 

must be comparable near this asymptote. Being a useful reference case in theory, this can cover only a part of 

the observed phenomena. In a general case we have to treat the wall as resistive. Then the balance between 
pl
IZM  and w

IZM  will be different, but not necessarily with dominance of pl
IZM . 

On the contrary, it is clear that the wall terms in (11) and (13) will exceed the plasma contribution near and 

especially after the end of the discharge because 0pl
IZM  when 0j  in the plasma. Therefore, without 

w
IZM  in (11) or without cvF ,  in (13), the result will be precisely 0w

zF  when finally 0pl
j . This outcome of 

the simplified treatment with cp
w
z FF ,  (accepted in [14] after [3]) is incorrect. Similar inconsistency can be 

also seen in the model [4], in addition to its other elements fairly criticized in [5]. The examples with large w
zF  

developing after the end of full CQ (when 0, cpF ) have been presented in [7] and later in [8–11]. 

To get a deeper insight, let us introduce )(tz  (coinciding with currZ  defined by Eq. (4) in [3]) by the equality  

0)(  

pl

z dSjz  ,       (14) 

where dS  is the surface element in the perpendicular cross-section. Correspondingly, the “current centroid” z  

represents the geometric centre of the full plasma current, including the halo region. Then we have 

)()( qz

pl

q zJdSjzz         (15) 

irrespective of the plasma shape. The integration includes the halo area, which makes this relation universally 

applicable. The halo-current contributions into w
zF  is automatically accounted for in this approach. With 
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definition (14), the first term zJ  in (15) is equivalent to IZM  given by Eq. (4) in [3] and called there vertical 

current moment. The other integral in (11) can be expressed similarly to (15) by using 

qww
w
s

w

q zJbJdSjzz  )( ,     (16) 

where wJ  is the net toroidal current in the wall, and w
w
s bJ  represents the contribution from zj .  

 With (15) and (16), equations (11) and (12), where we replace 22 / wRr  by unity (omit toroidal 

corrections), yield 

])([2 w
w
sqwqzq

pl
z

w
z bJzJzJCFF   .    (17) 

This is a purely electromagnetic relation. We derived it without constraints on the plasma dynamics, plasma and 

wall shapes. The assumptions made on the way to (17) are minimal: large aspect ratio in (15) and (16), and the 

replacement of c
rB  in (1) by the quadrupole field described by (10). That is why the external field magnitude is 

characterized by a single constant )(tCq  in (17). From the plasma, we need )( qz zJ   with z  defined by 

(14). The wall is presented by two terms in (17). 

4. THE EDDY CURRENT CONTRIBUTION IN (17) 

One of the main statements in [4] is that “Knowledge of eddy and halo currents is not necessarily required for 

estimating the net vertical force.” Our equation (17) shows the opposite, and this contradiction is further 

discussed. 

In [4], the “calculation is carried out without reference to currents in the vessel.” This became possible by two 

reasons. First, the unexplained constraint has been used that “the vessel shields any changes of the fields in the 

vessel”. Second, the uniform decay of the vessel eddy current was assumed in [4]: 

)(]/)exp[(),(),( / ttUtttjtj RL
ww   rr     (18) 

with unit step function U  and a single resistive time constant RL / . 

In [5], the former assumption was called ideal and inapplicable to the ASDEX Upgrade. This was discussed as a 

possible reason why the final formula for w
zF  proposed in [4] could not be used for practical purposes. The 

analysis started in [5] is important because the model developed in [4] was proposed as “applicable to ITER and 

future tokamaks”, see the title of that paper. The arguments advanced in [5] are reasonable, here we extend the 

analysis by showing that Eq. (18) must be another wrong element in [4].  

Here, on the contrary to (18), we treat wJ  and w
sJ  in (17) as functions decaying with different rates, as it should 

be [8, 10, 15, 16]. The outcome will show the necessity and importance of this step greatly affecting the result 

compared to the case with (18). The time constants and the amplitudes of the evolving functions wJ  and w
sJ  

must be found from equation 
wt BB

2
0 /        (19) 

in the wall. This contains full 
wcpl

BBBB    on the left, and the uniform conductivity   is assumed here.  

In the mentioned model [4], relation (18) is proposed for a pure decay of wj . A correct description of such a 

decay must be found by solving Eq. (19) with 0/)(  tcpl
BB . The latter is satisfied after the end of 

disruption if, in addition, 0/  tc
B . Then equation (19) gives a solution for 

w
B  that, for a “circular” wall, 

can be represented by the current density 

ujjj w
s

ww sin0  ,      (20) 

where u  is the conventional poloidal angle, with wj0  and w
sj  having, respectively, different times 0  and 1  of 

exponential decay. For large-aspect-ratio “circular” wall these are given by [15] 











 2

8
ln0

w

w
w

b

R
       (21) 
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and 

2/1 w  ,       (22) 

where www db 0  with wb  the minor radius, and wd  the thickness of the wall. We attract attention to the 

fact that 10    because of its principal importance in evaluation of the post-disruption force. 

 Indeed, substitution of 0J , 0/0 t
ww eJJ


  and 1/

)0(
tw

s
w
s eJJ


  turns equation (17) into 

)(10 //
tfCeCeCF ww

t
s

t
w

w
z 

 
    (23) 

with qwqw zJCC 02  and the time dependence described by the function  

TT
w

w
zw eeCFTf    /)( .     (24) 

Here w
sww

w
s jdbJ  , which is obtained substituting (20), ubz w sin  and dubddS ww  in (16),

 0/tT  , 

q

w

w

w
s

z

b

J

J
0

)0(
 ,      (25) 

1/ 10   .      (26) 

Equations (23) and (24) show that the time evolution of the post-disruption force is determined by two 

dimensionless quantities   and  , and two more constants wC  and 0  are needed to prescribe the absolute 

value of w
zF  and the true time scale. Both   and wC  depend on the discharge history, while   and 0  are 

fixed machine parameters. The latter pair can be found either numerically by calculating the wall response to 

external magnetic perturbations or experimentally from magnetic measurements. First, we discuss the role of  .  

5. REALISTIC 1  VERSUS 1  IN [4] 

According to (21) and (22), for a circular wall,   depends on the wall aspect ratio only and varies between 1.55 

and 2.93 for 4/2  ww bR . In [8], 85.1/ 10   was found for the VV in the COMPASS-U tokamak. Similar 

quantity 82.1295/536/ 10   was obtained for ITER in [16]. 

 The fact that 1  has important implications. With 1 , as it must be in conventional tokamaks, and 

with 1  (equation (18) representing the model in [4]) the time evolution of w
zF  prescribed by (23) is 

essentially different.  The best illustration of that is the consequence of (23) in the ideal-wall limit applicable 

during the preceding CQ if its duration is wt  : 

)( TT
iw

iw
z eeCF   .     (27) 

Here iwC  is wC  with 0
wJ  replaced by 0J . This corresponds to 1  in (24) to make 0)0( iw

zF , which is a 

general requirement for rapid events [7, 12]. It is clear that Eq. (27) gives iw
zF  identically zero afterwards, at 

0T , if 1 . However, with 1 , or 10    predicted by (21) and (22) and confirmed in [8, 16], we get 

instead a force iw
zF  developing as shown by the solid (blue) curve in Fig. 1.  

 Ultimately, the importance of this departure of )(Tfw  from zero depends on the amplitude coefficient 

iwC . The numerical results in [7–10] and estimates reveal that iwC  can be large enough for producing a sizable 

iw
zF  at 0T . This justifies the necessity of taking realistic 1  in the analysis. Let us recall that indication 

“ideal wall” (iw) refers only to the period of jump-like disruption. After that the wall is treated as a resistive 

shell with current evolution characterized by two time scales through T  and   in (24) and (27). A difference 

between the cases with artificial 1  and realistic 1  can be impressive at 1  too, especially at 1 . 

6. THE ROLE OF   

Equations (23) and (24) show that, at given wC , the initial post-disruption force is determined by 1 . The 

subsequent evolution of wf  is also affected by  . In the two-parametric family ),( wf , the areas with 1  
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and 1  are naturally divided by the ideal-wall asymptote with 1  that provides iw
zF  given by (27). This 

must be strictly zero at 1 , which is a consequence of oversimplified (18). However, with 1 , the bracket 

in (27), vanishing at 0t  and t , is positive in-between. The maximal deviation 
iwiw

miw
iw
z fTCF max01 )exp()/1()/max(    occurs at  ln)1( 1iw

mT .  

 Equation (24) reveals two characteristic (normalized) times:  ln)1( 1
0

T , which is the moment 

when wf  passes through zero, and 0TTT iw
mm  , when 0/ dTdfw . Note that, at 0 , 0T  increases with 

  and crosses the point 00 T  at the ideal-wall value 1 . The behaviour of function )(Tfw  defined by 

(24) is shown in Fig. 1 for a tokamak with 6.2/ 10   obtained from (21) and (22) at 4.3/ ww bR . With this 

choice, we get 6.0iw
mT  and iw

iw
z CF 34.0max  . The uppermost curve corresponds to 6.2/1/1    with 

0mT  and 0/ dTdfw  at 0T . The nearest one (the 

second from the top) with only small increase in wf  at 

0T  is obtained for 7.0 . The solid (blue) curve 

represents the “ideal-wall” scenario with 1  and non-

zero force developing from 00 F , and the lowest one 

gives us wf  at 3.1  (and 16.00 T ). 

 With 1 , we have 01)0(  wf , which is 

always accompanied by 0wf  at 00 TT . The min-

max span in wf  is max1 f . In the particular case with 

3.1 , the curve in Fig. 1 starts from 3.0  and reaches a 

positive maximum slightly above 0.287 or %96  of the 

initial amplitude. Such a half-oscillating behaviour of the 

force can be dangerous in excitation of a resonant response 

of the vessel. It was reported recently [5] that the whole 

vessel of the ASDEX Upgrade with its internal 

components oscillates after the disruption for almost one 

second. The force represented by the lowest curve in Fig. 1 

can be a good reason for that. 

7. DISCUSSION 

Fig. 1 demonstrates that a significant growth of the wall force is possible after the end of disruption. The curves 

in Fig. 1 look very similar to those presenting w
zF  in Figure 3 in [7], Figure 8 in [8], Figure 9 in [9], and Figures 

4, 5 and 7 in [10], where the post-disruption force has been numerically calculated. See also the left plot in 

Figure 8 in [11] and Figure 11 in [5] with experimental data from the ASDEX-Upgrade tokamak. For certainty, 

in one example of the CarMa0NL computations, the post-CQ vertical force on the ITER wall exceeded 10 MN 

(Fig. 3 in [7], the curve crossing zero like the lowest curve in our Fig. 1). This should be taken into account in 

evaluation of the statement [17] that the vertical force on the vessel will be relatively small (less than 1 MN) if 

the CQ time of the disrupting plasma is shorter than the wall time constant. 

Those particular results are covered by universal equation (23), where two general properties are accounted for. 

First, in the ideal-wall limit, the integral force on the VV wall cannot develop despite a high amplitude of the 

current induced in the wall [12]. In reality this means a low force during the events with duration much shorter 

than w . Second, redistribution of the wall current occurs faster than the decay of its “slowest” harmonic 

described by )exp( T  in (24). This function is a common asymptote for all curves in Fig. 1 at mTT  . These 

look indistinguishable at 5.1T . The pronounced differences in wf  at 1T  are related to the interplay of 

qwzJ  and w
w
s bJ , see (17) and (24).  

 It is clear that the post-disruption force in tokamaks must depend only on the wall properties and initial 

distribution of the toroidal component of j  in the wall. Without drivers, it can be represented as a sum of the 

 

 

Fig. 1. Function 
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time behavior of the post-disruption vertical force 
w
zF . Here 0/tT   and 6.2/ 10   . The 

latter corresponds to 4.3/ ww bR . From top to 

bottom: 6.2/1  (thin green curve), 0.7 (dotted 

violet), 1 (thick blue), and 1.3 (short-dashed red). 
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  with u  denoting the poloidal angle. Their decay times m  must decrease with their 

numbers m  as approximately m/1 . This allows to retain only a few lowest harmonics for evaluation of w
zF . 

The sufficiency of three-mode response for description of the metallic structures in the task of plasma stability 

in ITER was earlier discovered in [16]. 

The replacement of this sum by Eq. (18) proposed in [4] is an unjustified simplification. First, it is simply 

incompatible with (19). Second, with inevitable [12] 0)0( w
zF  after a rapid event, it leads to 0/  tF w

z  in 

drastic contradiction to numerical results in [7–10] and experimental experience. As illustrated by (23), at least 

two differently evolving modes are needed for compatibility of seemingly contradictive 0)0( w
zF  in the ideal-

wall limit [12] and 0w
zF  at 0T . Then we have to operate with two free parameters, the ratios w

s
w jj /0  at 

0T  and 10 /  (or   and   in our compact notation).  

With or without halo current, the vertical force on the wall is fully determined by interaction of the toroidal 

current in the system plasma + wall with poloidal field external to this system, see Eq. (1). Its consequence (17) 

reveals the key parameters. First of all, these are three integral currents: J , wJ  and w
sJ . These can be 

measured with a simple set of internal and external coils. The knowledge of the halo currents is not needed. 

The account for different decay times of 
wj  harmonics is vitally important for correct evaluation of w

zF . The 

disregard of this invalidates the model proposed in [4] irrespective of its other (maybe, partially repairable) 

drawbacks revealed in [5]. The idea that just a few current modes must be sufficient for the VDE description 

was advanced in [16] based on numerical calculations. Here we confirm it by analytical relations that are ready 

for both numerical and experimental use. 
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