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Abstract:

Employing nonlinear gyrokinetic simulations and analytical theory, we investigate the effects
of zonal (electromagnetic) fields (ZFs) on the saturation dynamics of reversed-shear Alfvén
eigenmodes (RSAESs) driven by energetic particles (EPs) in tokamak plasmas. The key find-
ings reveal that ZFs, generated through beat-driven RSAEs, influence mode saturation via
two primary routes. One route involves the modification of EP dynamics by ZFs. Contrary
to conventional expectations, simulations show that ZFs enhance the EP drive by modifying
the EP phase-space zonal structure (PSZS), leading to higher saturation levels. These puz-
zling simulation results can be understood analytically in terms of the general fishbone-like
dispersion relation with the correspondingly different EP-PSZS formations induced by ZF's.
The other route involves the nonlinear dynamics of thermal plasmas. Simulations show that
beat-driven ZFs can suppress RSAEs by inducing a net downward frequency shift. This
shift results from competing effects: zonal flow induces an upward frequency chirping, while
zonal current dominates to produce a net downward frequency chirping. The downward fre-
quency shift enhances coupling to kinetic Alfvén waves (KAWSs), triggering their outward
propagating and the associated convective (radiative) damping, which ultimately saturates
the mode. Numerical solutions of the eigenmode equation developed in this work confirm
this tendency.

1. Introduction

The interaction between energetic particles (EPs) and Alfvén eigenmodes (AEs) plays
a critical role in determing the stability and transport properties of magnetically confined
fusion plasmas. Among these modes, reversed-shear Alfvén eigenmodes (RSAEs) [I], 2]
exhibit particularly complex dynamics due to their strong dependence on safety factor (g)
profiles and enhanced coupling to EPs in reversed magnetic shear configurations. Such
configurations are essential for achieving self-sustained, steady-state operations necessary
for continuous fusion reactions. Recent nonlinear simulations [3], 4, 5] have demonstrated
that zonal electromagnetic fields (ZFs) can be excited by RSAEs through beat-driven
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mechanisms, leading to a significant reduction in the RSAE saturation level. The sup-
pression of RSAEs by ZFs is known to occur through two primary routes: (i) nonlinear
modifications to the dynamics of thermal plasmas, such as shifts in the mode frequency
or modifications to the local current and safety factor profiles that enhance continuum
damping [6], and (ii) modulation of EP phase-space dynmaics, altering their resonant
interaction with RSAEs. However, the underlying physics of these mechanisms remains
incompletely understood, with most studies offering only qualitative descriptions.

This work systematically investigates how ZFs affect the RSAE saturation via the
dynamics of both EPs and thermal plasmas, by combining first-principles gyrokinetic
simulations with analytical theory. Specifically, we address two observations: (1) contrary
to conventional expectations of ZF stabilization, ZFs enhance the EP drive by modifying
the PSZS of EPs; and (2) a downward frequency chirping, dominated by the zonal current,
trigges mode conversion to KAWs and the associated convective damping, ultimately
leading to saturation. Our results provide a unified theoretical framework for predicting
AE saturation in burning plasmas.

2. Stmulation Model

We employ the gyrokinetic toroidal code (GTC) [7] to simulate RSAE dynamics with
the equilibrium and plasma profiles are selected from DIII-D discharge #159243 [§]. The
simulations employ a typical reversed magnetic shear configuration with minimal safety
factor qmin = 2.94 near major radius R = 1.98 m on the mid-plane for the low field side,
where RSAE are observed in experiments and validated in simulations. Here, ¢, the safety
factor, represents the ratio of toroidal to poloidal turns of magnetic field lines.

For the GTC simulation model [9], EP and thermal ions are described by gyrokinetic
model [10], and electrons are described by drift kinetic model. Since § < 1 and ng > 1,
the effects of compressible magnetic perturbation 0B and equilibrium current Jj, on
RSAE, as verified in previous simulations, are negligible. Here [ is the ratio between
plasma and magnetic pressures, and n is the toroidal mode number. Using the parallel
simplistic description [I0], the perturbed gyrokinetic Vlasov equation can be written as

(Lo + 6L)0F = —3LF,, (1)

where Fj is the equilibrium distribution, § F is the perturbed distribution, and the equi-
librium and perturbed propagators in the (X, v) phase space are given, respectively,
by
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Here, X is the gyro-center position, vy is the parallel velocity, u = v} /2B, is the magnetic
momentum, Z is the particle charge, m is the particle mass, c¢ is the light speed, By is
the equilibrium magnetic field, 0B, is the perpendicular magnetic perturbation, 64 is
the parallel component of vector potential, and d¢ is the scalar potential. Furthermore,

Vg = box (uV30 + Uﬁﬁ,) /Q, vp = £box V6o, By = Byt 22lbyx k, where b = By /B,

Q
Q = ZBy/mc, and k = (by - V)b, being the curvature of By. For a single n mode
simulation with zonal components (labeled as subscript “z”), Eq. [1|can be further written
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as,

(Lo+ 0Ly +6L.) (6F, + 6F,) = — (5L, + 6L.) F, (4)

where £,, and L, correspond to the perturbed propagators, Eq. [3| with, respectively, the
toroidal mode number n and zonal components of the electromagnetic fields.

In GTC simulations, an initial Maxwellian distribution is used for thermal plasmas
and EP with T, = T; = 1 keV and T = 20 keV. Simulations are performed using a
low noise J f scheme [11] with a particle number per cell 1000 to minimize the noise. The
radial boundary of the simulation domain is R = [1.81,2.23] m. Based on the convergence
studies, GTC uses a global field-aligned mesh with 32 parallel grid points, which is suffi-
cient to resolve the long parallel wavelength, and 5 x 10* unstructured perpendicular grid
points with a grid size ~ 1.3p; to capture the finite Lamor radius effect, where p; ~ 2.1
mm is the thermal ion gyroradius. Time step is set to be 2 x 107 ms to resolve the high
frequency RSAE and the fast electron thermal motion vy, e ~ 2 X 10" m/s. In addition,
the initial condition is only random noise, and all poloidal harmonics are included for a
select specific toroidal mode using Fourier filtering.

3. ZF effects on RSAFE via EP dynamics

In order to delineate the effects of zonal fields (d¢., §A|.) on the EP dynamics, three
cases of simulations, labeled as Case A, B, and C, are carried out for the most unstable
n = 4 RSAE. Case A corresponds to the No-ZFs case, where we set 0L, = 0 in the
EP gyrokinetic Vlasov equation, Eq. [ in order to remove the effects of ZFs on EP.
Case B corresponds to the Full-ZFs case, where 0L, on both sides of Eq. 4| is kept for
EP. Meanwhile, Case C corresponds to the Partial-ZFs case, where we keep 0L, in the
right-hand side of Eq. [4} but we set £, = 0 in the left-hand side of Eq. [4] i.e., the EP
perturbed propagator, in order to remove the so-called shearing effects due to ZFs. Note
that, in all three cases, ZF's are fully kept for the thermal electrons and ions.
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FIG. 1: Time history of perturbed electrostatic potential ed¢y/Te, (panel a), normalized
by the on-axis electron temperature T,,, for the selected toroidal n = 4 modes on Guin
flux surface from Case A (red), B (black) and C (green). The normalized zonal scalar
potential €d¢, /T, (panel b) is the root-mean-square (rms) value averaged over the radial
domain of the major radius R = [1.91,2.04] m. Panel (¢) and (d) are the corresponding
plots using a base-10 logarithmic scale on the vertical azis.

Figure(l| (a) shows the time history of mode amplitude of n = 4 RSAE scalar potential,
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0y, for the three simulation cases. In the early linear phase, i.e., before 0.4 ms, effects of
ZFs on the RSAE amplitude are negligible due to the small amplitude of ZFs. However,
in the later linear phase, the Full-ZFs Case B, exhibits a stronger drive and, thereby,
a higher initial saturation level than the No-ZFs Case A and Partial-ZFs Case C. This
result is surprising; since it contradicts with the conventional expectation that ZFs tend
to suppress instabilities. Furthermore, that the No-ZFs Case A essentially overlaps with
the Partial-ZFs Case C is also puzzling; since it suggests that 0L, in the right-hand side
of Eq. 4| has a negligible effect on RSAE excitations by EP. It is worthwhile noting that
the effects of ZFs also enter implicitly via the PSZS, 0 F,, which cannot be suppressed
in simulations. Consequently, these seemingly surprising and puzzling simulation results
could be understood analytically in terms of the different EP PSZS nonlinearly generated
in the three cases, which has been well documented in Ref. [12]. Figure|l|(b), meanwhile,
plots the time history of the nonlinearly generated zonal potentials, d¢., for the three
cases. Curves for edpy/T,, and ed¢,/T., are also plotted in Figs. [1|(c) and (d) in semi-log
scale. During the linear phase, it is observed, as in previous RSAE simulations, that the
ZFs grow at twice the linear growth rate of RSAE; clearly indicating that the ZFs are
beat driven by RSAE [3] 5 [13]. The corresponding time histories of the parallel vector
potential, 0 A are not shown here presenting the same features as d¢.

Adopting the beat driven generating mechanism, we have derived the corresponding
analytical expressions of ¢, and dA) . by considering a large aspect-ratio tokamak with
circular magnetic surfaces; i.e., e = /R ~ O(107!) < 1 with 7 and R being, respectively,
the minor and major radii. 3, meanwhile, is taken to be O(¢?) < 1. Let Qy = (wp, no)
denotes a RSAE with toroidal mode number ny and mode frequency wy = wq, +70;. Note
Qo could be either linearly excited by EPs with 0, = vy < wy, being the linear growth
rate, or excited by an external antenna with 9; — 07. Since 8 < 1, magnetic compression
is negligible and, thus, €y is described by electromagnetic perturbations; d¢o and 6 Ao
with d¢g and 0Ajp being the scalar and parallel vector potentials, respectively. More
specifically, we take

6(25 __—iwort+ing (I)m(r7 t) —im
(5A|(|J0) =e + ggm: (Am(r, t)) e ™ 4+ c.c. (5)

Here, ¢ is the toroidal angle and 6 the poloidal angle. Since |k op;|> < 1 with k1 being
the perpendicular wave vector for 2y, we may further assume 2y satisfying the ideal
MHD approximation; dEj, ~ 0; i.e., wodAjg = —ic(by - V)ddo, or kjm®P, = wodn/c,
Kjm = (n0g —m)/qR.

We now consider the nonlinear generation of the zero-frequency ZFs beat driven by
. Let the corresponding zonal state be denoted as 2, = (w,,n = 0); that is,

0.\ [ D.(r,1)
(5/4”2) = (Az(r, 0 +c.c., (6)
and | —iw,| = [0;In®,| = |0y In A, | < wpi, wyi, wor With wy; and wy; being, respectively,
the thermal ion bounce and transit frequencies. The governing equations for the ZF

generation are derived from the nonlinear gyrokinetic equation [14], the quasi-neutrality
condition, and the parallel Ampere’s law equation. A detailed derivation can be found in
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FIG. 2: Radial profiles of normalized zonal scalar potential 6¢, from the Full-ZFs Case
B (solid line) and the analytically derived 6¢, using Eq. [§ with co = 1 (dot dash line)
on the mid-plane for the low field side at t = 0.42 ms [panel (a)]. The radial profiles of
corresponding normalized zonal parallel vector potential dA). using Eq. @ are shown in
panel (b). The gray dash lines represent the ¢, flur surface.

Ref. [12]; here we present the final results:
A, c 0
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where ¢o = ((1—3%)(v?/20} —3/2) Fari)w / (1= 32%9) Fasi)o corresponds to the Rosenbluth-
Hinton neoclassical polarization due to the trapped ions [15]. Equations [7| and , thus,
correspond to the zonal electromagnetic fields, ZF's, beat driven by the ponderomotive
force of the RSAE, €.

To compare the analytical expression with simulation results, we have plotted (black
solid line) in Fig. [2| (a) the radial profile of normalized d¢, from the Full-ZFs Case B sim-
ulation at ¢ = 0.42 ms linear phase. The black dash line, meanwhile, is the corresponding
analytical curve according to Eq. [§ with ¢y = 1. Similar curves for § A, with Eq. [7] are
plotted in Fig. |2/ (b). It can be observed that the analytical and simulation results are in
good agreement for both zonal fields.

To analyze how ZF's affect the EP drive on RSAEs, a corresponding analytical theory
was also developed in Ref. [I2]. The theory is discussed in detail and demonstrates
that, in each case, the ZF-induced EP PSZSs are different. According to the GFLDR,
this difference gives rise to additional stabilization or destabilization by ZFs, which is
consistent with the simulation results. In particular, ZFs tend to enhance EPs drive and
thereby increase the RSAE saturation level. This implies that ZFs must suppress RSAE
predominantly through nonlinear thermal plasma dynamics.
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4. ZF effects on RSAFE via thermal plasma dynamics

This section shifts the focus to the suppression of RSAE through ZFs effects on the
thermal plasma nonlinearities. We perform simulations where EPs are treated linearly
while retaining full nonlinear dynamics for thermal plasmas.
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FIG. 3: (Left) Time evolution of RSAE frequency (blue), normalized growth rate (red),
and amplitude of the parallel elctrostatic field (green). (Right) Corresponding time-resolved
radial profile of the parallel electric field. The white dashed line marks the qui, surface,
and the white solid line represents the Alfvén resonance.

GTC simulation results in Fig. capture the key nonlinear saturation dynamics
of the RSAE. The onset of downward frequency chirping (blue curve, left panel) coin-
cides with a surge in the parallel electrostatic field Ej ., (green curve) and a drop in
the normalized growth rate v4/w4 (red curve) to near zero. This significant growth of
E) cs provides evidence for the excitation of kinetic Alfvén waves (KAWs), pointing to
a mode conversion from the large-scale RSAE. This conversion occurs when the RSAE
frequency shifts downward toward the continuum spectrum at the ¢, surface, which
enhances electron-ion decoupling and gives rise to a finite | .s. The right panel confirms
this interpretation, showing the subsequent outward propagation of the generated KAWs
from the gui, surface. The clear temporal correlation between RSAE saturation and the
emergence of propagating KAWs strongly supports mode conversion as the underlying
saturation mechanism.

To understand the nonlinear saturation of RSAEs observed in GTC simulations, we
develop a comprehensive theoretical framework by self-consistently incorporating finite
Larmor radius (FLR) effects and electron Landau damping dynamics. The resulting eigen-
mode equation, termed the “RSAE-KAW-e-Landau” model, is derived from the nonlinear
gyrokinetic equation set. The influence of ZFs enters through three key nonlinear mod-
ifications: a nonlinear Ohms law, Maxwell stress, and Reynolds stress. The governing
equation takes the form:

Tk:ﬁvi —
e AR
+V 1 -€aV 1609+ Aoy + V - [(VOJ¢2> 5(%] =0,

AV (1) [ o)+ (9)

where €4 = €40 + Qg1 + Qa, €40 = [(1 — w*m/wg)(wg — wgam)] — k:ﬁovfl, and wgam =

(vii/R)*(T + 7/4) is the geodesic-acoustic frequency. The term A denotes effects such as
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favorable average curvature, toroidal couplings, as well as wave-particle interactions due to

2 k2 2
thermal and energetic particles [I8]. ay = —QBiowokao(kaUcA 0A),), ag = Biowokeo( ”ZgA +
. k2,02 .
1 — =) 507, agy = F-wokao ”SgA — 1+ “2)§¢/. This model self-consistently describes

RSAE-KAW coupling, with FLR terms removing the singularity at €49 = 0 and electron
Landau damping enabling the description of radiative losses. In the limit where kinetic
effects are neglected, the model reduces to the RSAE-MHD model.
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FIG. 4: Time evolution of the normalized frequency and damping rate of the RSAE within
the “RSAE-MHD” model, in the presence of (a) both zonal flow and zonal current and
(b) only zonal flow.

We first examine the respective roles of zonal flow and zonal current using the RSAE-
MHD model. Figure {4 (a) presents the time evolution of the normalized frequency and
damping rate when both zonal flow and zonal current are included. The results show
distinct downward frequency chirping, consistent with GTC simulation results, while the
nonlocal continuum damping remains exponentially small (107* to 107®) and increases
gradually. In contrast, when zonal current is artificially removed (Fig. [4| (b)), the fre-
quency chirps upward and the continuum damping decreases. This direct comparison
confirms that zonal current dominates the downward chirping, whereas zonal flow alone
drives upward chirping. We next analyze the RSAE-KAW-e-Landau model. As shown in
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FIG. 5: (a) Time evolution of the normalized frequency and damping rate of the RSAE
within the “RSAE-KAW-e-Landau” model, incorporating both zonal flow and zonal cur-
rent. (b) Time evolution of the ratio |0 E)|/dE) cs.

Fig. [5| (a), the frequency again exhibits downward chirping, but the radiative damping
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rate is now one to two orders of magnitude larger than the MHD continuum damping.
Figure [5| (b) shows a rapid increase in the ratio | E)/0E) 5| after ¢ = 0.48 ms, signal-
ing the excitation of KAWs and the enhancement of the parallel electric field 0 ). This
behavior, in excellent agreement with simulations, confirms that radiative damping via
KAW conversion is the dominant saturation mechanism.

5. Discussion and Summary

This study investigates the dual routes through which zonal fields (ZFs) influence the
nonlinear evolution of RSAEs, employing integrated gyrokinetic simulations and theoret-
ical analysis. Our finding reveal that beat-driven ZFs modulate saturation through two
distinct mechanisms: (i) modification of EP phase-space zonal structures (PSZS), which
unexpectedly enhances the EP drive and elevates the saturation level; and (ii) thermal
plasma dynamics, specifically, downward frequency chirping and mode conversion to Kki-
netic Alfvén waves (KAWSs), which suppress RSAEs via strong radiative damping. The
paradoxical EP drive enhancement is explained theoretically via the generalized fishbone-
like dispersion relation incorporating ZF-induced PSZS modifications. Meanwhile, ZF-
induced frequency down-shifting triggers conversion to KAWSs, establishing an effective
saturation mechanism that quantitatively balances the EP drive. The excellent agreement
between simulations and theoretical predictions confirms that although ZFs can amplify
driving through PSZS effects, the dominant saturation route under typical conditions op-
erates via thermal plasma dynamics, where KAW-mediated radiative damping effectively
suppresses RSAE activity.
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