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Abstract 

A possibility of low-threshold absolute PDI excitation in cases when localization or trapping of daughter waves is not 
possible in X2 ECRH experiments is considered. The PDIs driven by the pump beam of extraordinary microwaves propagating 
along a monotonous density profile and leading to the excitation of a couple of electron Bernstein (EB) daughter waves is 
studied. The decay conditions for such a two-plasmon decays in many toroidal devices could be satisfied in a couple of spatial 
points thus making possible the daughter wave energy circulation between them and, as a consequence, the onset of the 
absolute PDI. In the present paper this scenario of absolute PDI is analyzed numerically accounting for the finite width of the 
pump wave beam. The approximate expression for the absolute PDI threshold dependence on the daughter waves convective 
losses along the plasma inhomogeneity direction and diffractive losses across the pump beam is obtained. It is shown that the 
instability power threshold was exceeded under conditions of on-axis X2-mode ECRH experiments at T-10 and TEXTOR, in 
which the missing power effect was observed.  

 
INTRODUCTION 
 
Electron cyclotron resonance heating (ECRH) and current drive are widely used in toroidal plasmas and 

considered for neoclassical tearing mode control in ITER. In accordance with the theoretical estimates based on 
the one-dimensional model [1,2] and obtained in the late 1980s and early 1990s [3,4], the nonlinear effects, first 
of all parametric decay instabilities (PDIs) that can accompany microwave propagation, were believed to be 
deeply suppressed due to the fast convective energy losses of daughter waves from the decay region, which has a 
finite width in inhomogeneous plasmas. However, over the last decade and a half, various anomalous nonlinear 
phenomena have been found during microwave passage through the plasma volume at levels of auxiliary ECRH 
heating less than 1 MW in a microwave beam. The most striking evidence of the onset of nonlinear effects was 
obtained first at TEXTOR [5,6] and then at ASDEX-Upgrade [7,8] and Wendelstein 7-X [9,10], where strong 
microwave emission shifted down and up in frequency with respect to the gyrotron frequency was observed in a 
course of X2-mode ECRH experiments. More recently, plasma emission at a frequency about half the pump wave 
frequency has been detected in X2-mode ECRH experiments at ASDEX-Upgrade [7] and TCV [11]. A convincing 
demonstration of anomalous ion acceleration at X2-mode ECRH under conditions where the energy exchange 
between the ion and electron components was negligible has been obtained at TCV and TJ-II [12-14]. Moreover, 
a substantial broadening of the power deposition profile was demonstrated at T-10 [15], DIII-D [16], L-2M [17] 
and the missing power or absorbed power lack effect was observed at TEXTOR [18], T-10 [19-23] and TJ-II [22]. 
The majority of these observations were performed as the launched microwave beam passed through a region of 
plasma characterised by a non-monotonic density profile. Such a profile is a perpetual feature of the plasma 
column axis, or can be a consequence of a magnetic island, of a density pump-out effect, or of the presence of 
ELM filaments and blobs. In this case, it seems that all anomalous phenomena can be interpreted as a result of 
secondary nonlinear events that accompany the primary low-threshold PDI [24], leading to the excitation of 
daughter waves trapped in the local maximum of a non-monotonic density profile. The growth of the primary PDI 
is believed to be saturated due to both secondary decays of daughter waves and depletion of the pump wave. The 
model proposed in [24] demonstrates that the strong plasma emission, i.e., the spurious signal for microwave 
diagnostics, is a consequence of the coupling of the various daughter waves and the pump wave. This mechanism 
appears capable of reproducing the fine details of the frequency spectrum and the absolute magnitude of the 
emitted radiation [25-29]. It also predicts a significant anomalous absorption in the range of 10 – 70 % in the 
electron channel, which may be responsible for the broadening of the ECRH power deposition profile [15-17]. 
Besides, the anomalous heating of ions in the presence of microwaves is explained by the generation of ion modes, 
which directly transfer pump power to the ion component [30]. However, it is worth noting that anomalous effects 
such as an evident broadening of the power deposition profile [15-17], as well as a discrepancy between the 
microwave power launched into the plasma and that deposited into the electron component in the EC resonance 
layer [18-22], was also found when the density profile between the microwave antenna and the ECR was 
monotonic. As it was previously evidenced in [31], where the one-dimensional model developed in [1,2] was 
generalized, the absolute PDI of a pump microwave beam can also occur in the presence of a monotonic density 
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profile. Such a phenomenon occurs if there are two close decay points for the pump wave and a pair of daughter 
waves propagating in opposite directions. 

In this paper it will be demonstrated that the model proposed and developed in [31] has the capability to 
elucidate the discrepancy between the microwave power launched into the plasma and absorbed in the EC 
resonance layer (so called missing power effect) that has been indicated in the X2-mode ECRH experiments at T-
10 [19-23]. In the course of these heating experiments, performed under conditions of very large ECR layer optical 
depth, the dependence of the power fraction actually absorbed in the second harmonic EC resonance on the 
averaged density has been found. The value of density above which the injected microwave power, as predicted 
by linear theory [32-36], is fully absorbed by electrons in the X2-mode ECR layer was determined. It was 
concluded that at smaller plasma density values the linear theory of X2-mode ECR absorption is not valid, and an 
empirical formula for the ECR layer optical depth was proposed. The qualitative explanation of this effect 
proposed in the talk [23] utilizes a model based on quasi-linear distortions of the electron distribution function 
under the ECRH. However, this model faces difficulties when interpreting the absence of the missing power effect 
at O1-mode ECRH of the T-10 plasma, as reported in [19 – 22]. As it is shown in the present paper, the model 
[31] allows explaining the dependence of the power absorption efficiency on the plasma density and electron 
temperature by dependence of the PDI threshold on these quantities.  

 
 

1. THEORETICAL MODEL  
 
Consider a monochromatic Gaussian microwave beam propagating along the inhomogeneity direction, hereafter 
denoted by the x-coordinate, almost perpendicular to the magnetic field aligned with the z-coordinate. In a narrow 
layer where we assume this pump decays, we represent it using the WKB approximation as follows   
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The representation (1) describes a microwave beam propagating from the launching antenna inward the plasma 
with the pump power 0P  and the beam width w . Assuming that the pump beam is wide and its width obeys the 
inequality 0/w c ω>> , we neglect the diffraction effect in the decay layer in both the y  and z  directions, i.e., 

( , , ) ( ,0,0)x y z xk x k k k x≈ . In the case of an extraordinary wave the wavenumber reads 0 /x xk n cω=  where 
2 /xn gε ε= −  is the x component of the refractive index, , gε are the diagonal and off-diagonal perpendicular 

components of the cold-plasma dielectric tensor. In its turn, the polarization vector reads 0 / x yig ε≈ − ⋅ +e e e  
where , ,x y ze e e  - unit vectors that determine the Cartesian coordinate system ( , , )x y z . In the case of an ordinary 

wave the x  - component of the refraction index is represented as xn η= , where η  is the diagonal component 
of the cold-plasma dielectric tensor along the magnetic field. Taking advantage of the inequality 0/ 1z zn k c ω= << , 
we represent the components of the polarization vector as follows 0 0(  ,  / , )z x z ce y zn i nη η ω ω≈e e e e  where ceω  
is the electron cyclotron frequency. Here the polarization vector components perpendicular to the magnetic field 
are small, however, important for providing of the nonlinear coupling for the decay waves. 
The decay of the extraordinary wave (1) leads to the excitation of daughter electron Bernstein (EB) waves [24], 
whose local dispersion equation has the form 
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In equation (2) the last term is due to the electromagnetic contribution in a vicinity of the upper hybrid (UH) 
resonance, 2 2
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is the familiar representation for the linear electron susceptibility. In equation (3) teυ  is the electron thermal 
velocity, peω  is the electron plasma frequency, mI  is the modified Bessel function of the first kind and ( )Z ξ  is 
the plasma dispersion function. The potentials of daughter EB waves are determined by means of the WKB 
approximation as follows 
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where ,A B  are the amplitudes, ( ), ,jx x jq q j a bω= =  are solutions to the local dispersion equation (2), 

0a bω ω ω= −  and / /jx E jx E jU D q D ω= ∂ ∂ ∂ ∂  stands for the group velocity component along the direction of the 
plasma inhomogeneity of the corresponding wave j=a,b. In inhomogeneous plasmas the decay of the pump wave 
(1) into EB waves (4) occurs in the vicinity of the point dx x=  where the decay resonance condition for the 
wavenumbers of nonlinearly coupled waves is satisfied, i.e.,  

0( ) ( ) 0
d d

bx x axx x x x
x q k q

= =
∆ ≡ + − =                                                                                                         (5) 
The system of equations describing the nonlinear excitation of a pair of electron Bernstein (EB) waves (4) due to 
the decay of the Gaussian extraordinary wave beam (1) can be represented in the following form 
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which takes into account convective daughter wave losses in the inhomogeneity direction and two-dimensional 
diffractive losses across it. In equation (6) / 16 /e a E aa w T D Aω ω= ∂ ∂  and / 16 /e a E ab w T D Bω ω= ∂ ∂  are 
normalized amplitudes of the daughter waves, 0ν  is the nonlinear coupling coefficient determined in the kinetic 
approximation with due account of spatial dispersion [33], which is of crucial importance for the description of 
EB waves, 2/ 2 /jy E jy E jD q D ωΛ = ∂ ∂ ∂ ∂ , j=a,b are the diffraction coefficients along the y-coordinate, 

2/ 2 /jz E jz E jD q D ωΛ = ∂ ∂ ∂ ∂ , j=a,b  are the diffraction coefficients along the z-coordinate, ( ) ( )
d

x

x
x x dx′ ′Ψ = ∆∫  is the 

phase due to the mismatch of the decay resonance condition (5) for the numbers of coupled waves in 
inhomogeneous plasmas. In the following, we assume that the coefficients of the set of partial differential 
equations (6) are constant and take them according to the temperature and density profiles measured 
experimentally. 
  
 
2. LOW-THRESHOLD-PARAMETRIC DECAY OF THE PUMP MICROWAVE IN THE T-10 
 TOKAMAK X2-MODE ECRH EXPERIMENTS WITH A MONOTONIC DENSITY PROFILE  
  
 The T-10 tokamak was a medium-sized circular machine with major and minor radii of R = 1.5 m and a = 
0.3 m, respectively. The maximal toroidal magnetic field was BT = 2.5 T and the plasma current achieved up to Ip 
= 350 kA. The T-10 tokamak was supplied with an auxiliary electron cyclotron resonance heating (ECRH) 
gyrotron system with an output power of up to 2.5 MW. From the late 1980s until the facility shutdown, O1- and 
X2- mode ECRH experiments were conducted at the T-10 tokamak for almost three decades. A huge database of 
experimental results was collected. In manuscript [19], this database was used to compare the electron heating 
efficiency at the first and second harmonics of the electron cyclotron (EC) frequency. The main conclusions of 
the analysis can be formulated as follows. In the O1-mode ECRH experiments the microwave power deposition 
was found to be in accordance with theory [32], predicting a substantial pump power absorption at a single pass 
of the microwave beam. On contrary, in the X2-mode ECRH-experiments the fraction of the pump power 
deposited in the second harmonic of EC-resonance was much smaller than the total pump power, however 
increased with increasing plasma density. This experimental result contradicts to the opacity estimates for the 
second EC resonance harmonic in the linear theory [32], predicting optical depth much larger than unity. In 
experiment, only above a specific threshold plasma density value did the estimation of the actual deposited power 
approach the launched microwave power, bringing the absorption efficiency in line with theory [34-36]. It was 
also shown in [19-23] that the density threshold value, at which the estimation of the deposited microwave power 
approaches the launched pump power, is inversely proportional to the electron temperature. It should be mentioned 
that in the experiments under consideration the background density profiles  
were monotonic. Figure 1 shows typical monotonic density (bottom and left axes) and temperature (bottom and 
left axes) profiles that were measured in the T-10 tokamak (see figure 12 in [34] and figure 2 in [20], 
correspondingly). The dashed dotted and dashed lines are the R- and L -cutoff frequencies for the X-mode and 
given background profiles (see bottom and right axes).Figure 2 shows the one-dimensional dispersion curves of 
quasi-electrostatic EB daughter waves whose dispersion relation is defined by equation (2) and frequencies 

69.585 GHzaf = and 70.415 GHzbf =  are slightly below the local upper hybrid frequency. The dispersion 
curves of the second wave are shifted upward by the number of the extraordinary pump wave with frequency

0 140 GHzf = . The arrows show the EB and slow extraordinary (SX) modes of both waves. There are two close 
points where the curves corresponding to the EB modes intersect and the decay resonance condition (5) is satisfied. 
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Figure 1. Bottom and left axes: typical monotonic density 
(figure 12 in [34]) and temperature (figure 2 in [20]) profiles 
measured in T-10. Bottom and right axes: right (R, dashed 
dotted line) and left (L, dashed line) cutoff frequencies for the 
X-mode. 

Figure 2. One-dimensional dispersion curves of daughter 
waves at frequencies fa=69.585 GHz and fb=70.415 GHz.  

 

  
Figure 3. Spatial dependence of the decay resonance 
condition (6), which is perfectly approximated by a parabola. 

Figure 4. Evolution of the function 2ln | |a taken at the origin 
of the coordinate system. The beam width and power are w = 
3 cm and P0 = 0.8 MW, correspondingly. 

 

 
Figure 7.  Contour plots illustrating the evolution of 
normalized amplitudes |a| and |b| of the daughter waves 
along the z coordinate. 

Figure 8.  Dependence of the instability growth-rate 
22 ln | | /d a dtγ =  on the pump power. For the parameters used, 

the instability threshold is about 0.4 MW. 
We further denote these decay points as dx± . In this case the decay condition mismatch (5) takes a form 

2 2 3( ) ( ) /d dx x x l∆ ≈ − , whereas the corresponding phase is given by 3 3 2 3( ) ( ) / (3 ) /
d

x

d d dx
x x dx x l x x l′ ′Ψ = ∆ = −∫ . The group 
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velocities of the daughter waves are counter-directed, as depicted by the thick arrows. The parameters are taken 
as shown in figure 1. The off-axis ECR position is assumed. For the pump wave, the second harmonic of the EC 
resonance is on the high field side at about half the minor radius. Figure 3 shows the spatial dependence of the 
decay condition mismatch ( )x∆  in a local coordinate system whose origin is at the function ∆  extremum and 
which is used in the set of equations (6). As can be seen, it is perfectly approximated by a parabola. In the case of 
one-dimensional diffractive losses ( 0az bzΛ = Λ = ) the system (6) was studied in [31], where it was proved that 
equations (6) describe daughter EB waves, two-dimensionally localized in the region defined by separation of the 
decay points and by a finite-width of the pump beam, whose amplitudes grow exponentially in time. This means 
the excitation of the most dangerous absolute instability of the pump wave (1). Then we assume the beam radius 
w=3 cm and its power 0.8 MW and solve numerically equations (6) with the coefficients calculated for the profiles 
shown in figure 1. Figure 4 shows in a semi-logarithmic scale the exponential growth of the energy of the first EB 
wave 2ln(| | )a . The temporal evolution of the second daughter wave is the same. This temporal growing 
corresponds to the excitation of absolute PDI. The evolution of spatial structure of the daughter wave amplitudes 
normalized to their value in the origin is shown in figures 5-7, demonstrating contour plots of the amplitudes |a|  
and |b| along the x,y,z coordinates, respectively.  
 The localization of both solutions and the conservation of their distribution in time confirm the excitation 
of the PDI eigenmodes. The distributions in figures 5-7 have no zeros along all coordinates, which proves that 
both UH waves correspond to the most dangerous fundamental mode. Varying the beam power, we get the power 
dependence of the growth rate 22 ln | | /d a dtγ =  shown in figure 8 for the plasma parameters used and the pump 
beam width w = 3 cm. As it is seen in the figure the instability is very fast whereas the absolute instability threshold 
in this case is about 0.4 MW, which is substantially smaller than the pump power 800 kW available in one beam 
at T-10. 
 By changing the central plasma density and the beam width and solving equations (6), we get the 
dependencies of the APDI threshold on the mean density shown in figure 9. The grey line indicates the beam 
power being actually available at T-10 when the tokamak had operated. For it, the PDI density threshold value is 
about th 13 33 10  cmen −< > × . With a beam width of 3 cm and density values less than 13 33 10 cm−× , at which the missing 
power effect is reported in [19 - 23], the PDI threshold is overcome and the instability develops. It's likely to 
saturate at a high level. Daughter waves leaving the decay layer and gaining a substantial fraction of the pump 
power experience the ECR damping far away from the absorption region of the pump wave.As the density 
increases, the growth rate decreases. Most likely, this leads to a decrease in the saturation level of the instability 
and in the power fraction acquired by daughter waves. The latter should result in the increase of the pump power 
absorbed at the second harmonic of the EC resonance. When the averaged density exceeds the value of 13 33 10 cm−×
, the instability is no longer excited. This allows expecting complete absorption of the pump wave in the region 
prescribed by the linear theory. This value, which will be referred to as the PDI density threshold value, is in 
agreement with the experimentally discovered 100% power absorption density threshold (see figure 12 in [19], 
figure 4 in [20]). To explain the decrease in the power threshold with the decrease in the average density, we note 
that for the range of average densities under consideration, instability occurs in the region where the temperature 
profile is fairly flat. A decrease in the average density shifts close decay points corresponding to the fundamental 
PDI eigenmode to the core, toward the fundamental ECR harmonic. This has little effect on the efficiency of 
nonlinear coupling due to the insignificant change in temperature, but reduces the group velocities of both 
daughter waves in line with their coordinate dependence 1 ( ) /j сe d jU xω ω∝ − , j = a,b and, as a result, leads to a 
decrease in the instability threshold. 
 By setting the beam width and power equal to w = 3 cm and P0 = 0.8 MW, respectively, and varying the 
electron temperature, we get the dependence of the PDI density threshold value on the electron temperature shown 
in figure 10 and matching the experimental dependence of the 100% power absorption density threshold 
dependence on the electron temperature plotted in figure 3 of [20]. To explain this dependence, we point out that 
the larger the dimensionless parameter /jx te ceq υ ω , characterizing the role of spatial dispersion of plasma 
perpendicular to the magnetic field in the description of the EB wave, the lower the nonlinear coupling of the 
extraordinary wave with two EB waves (see figure 2 in [33]). Thus, an increase in electron temperature leads to 
an increase in the instability threshold. For a given pump power, this means a decrease in the threshold density  
value above which the 100% absorption in the ECR layer becomes possible. 
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Figure 9. Dependence of the power threshold on the 
averaged density for different beam widths. The grey line 
indicates the actual beam power at T-10. For it, the 
threshold value is th 133 10en< >≈ ×  cm-3. 

Figure 10. Dependence of the PDI density threshold value 
on the electron temperature for w = 3 cm and P0 = 0.8 MW 
for the actual T-10 conditions.  

 

  
Figure 11. Daughter waves dispersion curves. Arrows 
correspond to the group velocity sign. Typical TEXTOR 
conditions.   

Figure 12. Daughter waves dispersion curves in fine scale.  
Decay points are dx± . Typical TEXTOR conditions.   

  
Figure 13. Temporal behavior of the daughter wave 
amplitudes (see their dispersion curves in fig. 11) shown in 
semi-exponential scale. Solid red line - 2| ( ) |a t , broken blue 
line - 2| ( ) |b t .  

Figure 14. The PDI growth rate versus the pump power for 
w = 2 сm, 0.245 МW and typical TEXTOR conditions. 
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3. LOW-THRESHOLD-PARAMETRIC DECAY OF THE PUMP MICROWAVE IN THE TEXTOR 
 TOKAMAK X2-MODE ECRH EXPERIMENTS WITH A MONOTONIC DENSITY PROFILE  

 The missing power effect in X2-mode on-axis ECRH experiments was also observed at TEXTOR tokamak 
[18], a medium-sized circular machine with major and minor radii of R = 1.5 m and a = 0.3 m, respectively, and 
toroidal magnetic field BT = 2.5 T. A clear heating effect was demonstrated close to the discharge axis where the 
safety factor was less than one, however the deposited power determined based on the electron temperature and 
density profiles temporal variation measured by Thomson laser scattering diagnostics appears to be only 200 kW, 
whereas the launched microwave power was 600 kW [18]. The density profile between the plasma edge and 
discharge axis was monotonous thus allowing application of the theoretical model developed in this paper to the 
two-plasmon PDI threshold and growth rate analysis. Dispersion curves of EB daughter waves at frequencies 

69.79 GHzaf = and 70.21 GHzbf =  are shown in Fig. 11. The latter one is shifted by the wavenumber of the pump 
at frequency 140 GHz. As it is seen in this figure the decay conditions for three interacting waves are 
approximately satisfied in a wide plasma region, shown in fine scale in Fig.12. As it is seen in Fig.12, the length 
of the region between decay points, in which the three-wave interaction takes place is 6 cm. Solution of system 
(6) shown in Fig.13 for the pump beam width w = 2 сm and power P0 = 0.4 MW results in exponential growth of 
the daughter wave amplitudes, indicating the PDI excitation. The PDI growth rate dependence on the pump power 
is demonstrated in Fig. 14. As it is seen in the figure the PDI takes place at the pump power high than 245 kW. 
This threshold is substantially lower than the power actually used in the experiment (18). Thus the two-plasmon 
PDI can be considered as a potential reason of the missing power effect in the TEXTOR X2-mode on-axis ECRH 
experiment. 
 
 
4. CONCLUSIONS 
  
 In this paper, we have shown that the low-threshold absolute PDI of a pump extraordinary wave can 
potentially explain the discrepancy between the microwave power launched into the plasma and absorbed in the 
EC resonance layer, which was found in X2-mode ECRH experiments at the T-10 [19-23] and TEXTOR [18] 
tokamaks. We have obtained the dependence of the value of the instability threshold on the average density. For 
density values smaller than the value at which the instability excitation becomes impossible for the given beam 
power, the instability develops in a suprathreshold regime and can saturate at a high level. The daughter waves 
leaving the decay layer and gaining a fraction of the pump power experience ECR damping away from the 
absorption region of the pump wave. As the plasma density increases, the PDI growth rate decreases. Most likely, 
this results in a decrease in the saturation level of the instability and of the fraction of power gained by the daughter 
waves. The latter should lead to an increase in the pump power absorbed at the second harmonic of the EC 
resonance. When the averaged density exceeds a threshold value for the given pump beam power and width, the 
instability is no longer excited. This allows expecting complete absorption of the pump wave in the second 
harmonic ECR. The calculated density threshold value appears to be in agreement with the experimentally found 
threshold of 100% pump power absorption (see figure 12 in [19, 21], figure 4 in [20]).  The dependence of the 
PDI density threshold value th

en< >  on the electron temperature predicted by the theoretical model matches the 
experimental 100% absorption threshold density dependence on electron temperature shown in figure 3 of [20]. 
Since the instability threshold for parametric decay of the ordinary pump wave is much higher than the sub-
megawatt microwave power used in the O1-mode ECRH experiments at T-10, the pump wave should remain 
stable. Within the proposed model, this provides an explanation why the heating efficiency in these experiments 
was in agreement with the theoretical estimate [32].  
Altogether, the proposed model provides a qualitative explanation for the discrepancies and dependencies found 
in ECRH experiments at T-10 [19-23] and TEXTOR.  
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