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The drift-wave (DW) turbulence and associated anomalous transport, which can be regulated by zonal flow (ZF) 

are important topics for the achievement of ignition conditions in future tokamak fusion reactor. The Hasegawa-

Mima (H-M) equation, renowned for its simplicity and robust conservation properties [1], has been widely 

adopted to study DW-ZF systems. However, its fundamental assumption of cold ions becomes invalid in high-

temperature core plasmas of magnetic confinement fusion devices, necessitating modifications to incorporate 

effects of finite ion temperature and its gradient. This work reports the conservation properties related to 

modified H-M equation, such as potential vorticity (PV), potential enstrophy (PE) with effects of ion 

diamagnetic drift and FLR. The momentum theorem and generation of ZF from modified H-M equation are 

discussed as well. 

We start from the gyro-fluid equations in slab geometry [2] 

𝜕

𝜕𝑡
𝑞̃ + 𝒗̃𝐸 ∙ ∇𝑞̃ − 𝒗̃∗ ∙ ∇(∇⊥

2 𝜙̃) − 𝒃̂ × (∇∇⊥𝑖𝑝⊥) ∙ (∇∇⊥𝑖𝜙̃) = 𝜔∗𝑒(1 + 𝜏𝑖𝑒(1 + 𝜂𝑖)∇⊥
2 )𝜙̃.     (1) 

Here, 𝑞̃ = 𝜙̃ − ∇⊥
2 𝜙̃ is the PV fluctuation. The standard normalizations are used as follows: the electric 

potential fluctuation 𝜙̃ ≡
𝑒𝛿𝜙

𝑇𝑒0
, ion perpendicular pressure fluctuation 𝑝⊥ ≡

𝛿𝑃⊥𝑖

𝑃𝑒0
 with 𝑃𝑖0 = 𝑛0𝑇𝑒0, time scale 

by Ω𝑖  with Ω𝑖 = 𝑒𝐵/(𝑚𝑖𝑐) being the ion gyrofrequency, spatial scale by 𝜌𝑠 with 𝜌𝑠 = √
𝑇𝑒0

𝑚𝑖
/Ω𝑖 being the 

ion gyroradius at acoustic velocity, 𝒗̃𝐸 = 𝒃̂ × ∇𝜙̃  and 𝒗̃∗ = 𝒃̂ × ∇𝑝⊥  are the fluctuating 𝑬 × 𝑩 and ion 

diamagnetic velocities, respectively, 𝜔∗𝑒 = −𝑘𝑦 (
𝜕

𝜕𝑟
ln𝑛0) is the electron diamagnetic frequency, and 𝜏𝑖𝑒 =

𝑇𝑖0

𝑇𝑒0
. For uniform plasmas, using {𝑓, 𝑔} = (𝑏̂ × ∇𝑓) ∙ ∇𝑔, Eq. (1) can be rewritten as 

𝜕

𝜕𝑡
𝑞̃ − ∇⊥𝑖{𝜙̃ + 𝑝⊥, ∇⊥𝑖𝜙̃} = 0.                            (2) 

It can be seen that the PV is locally conserved rather than globally conserved. 

Taking flux average of Eq. (2), integrating in x direction and adding the damping, ZF evolution equation 

can be obtained as 

𝜕

𝜕𝑡
〈𝑣𝑦〉 +

𝜕

𝜕𝑥
〈(𝑣̃𝐸𝑥 + 𝑣̃∗𝑥)𝑣̃𝐸𝑦〉 = −𝜈〈𝑣𝑦〉.                         (3) 

In addition to the usual Reynolds stress force, the ion diamagnetic Reynolds stress. Multiplying Eq. (1) by 𝑞̃, 

we can obtain the evolution equation of PE 

𝜕

𝜕𝑡
〈
𝑞̃2

2
〉 +

𝜕

𝜕𝑥
〈𝑣̃𝐸𝑥

𝑞̃2

2
〉 +

𝜕

𝜕𝑥
〈𝑣̃∗𝑥

1

2
[(∇⊥

2 𝜙̃)
2

+ (∇⊥𝜙̃)
2

]〉 −
𝜕

𝜕𝑥
〈𝜙̃ (𝑣̃∗𝑦

𝜕

𝜕𝑦
+ 𝑣̃∗𝑥

𝜕

𝜕𝑥
)

𝜕

𝜕𝑥
𝜙̃〉 

+〈∇⊥
2 𝜙̃{∇⊥𝑖𝑝⊥, ∇⊥𝑖𝜙̃}〉 = − (

𝜕

𝜕𝑟
ln𝑛0) [1 + 𝜏𝑖𝑒(1 + 𝜂𝑖)]〈𝑣̃𝐸𝑥𝑞̃〉.                 (4) 
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The PE is not conserved either due to last term on the LHS contributed from the ion pressure fluctuation even 

for uniform plasmas.  

Then, dividing Eq. (4) by a factor 𝛼 = (
𝜕

𝜕𝑟
ln𝑛0) [1 + 𝜏𝑖𝑒(1 + 𝜂𝑖)]  and adding the ZF evolution 

equation, we can obtain the total zonal momentum equation [3, 4] modified by the effects of FLR and the 

fluctuating ion diamagnetic drift velocity 

𝜕

𝜕𝑡
[〈𝑣𝑦〉 + 〈

𝑞̃2

2𝛼
〉] = −𝜈〈𝑣𝑦〉 −

𝜕

𝜕𝑥
〈𝑣̃∗𝑥 𝑣̃𝐸𝑦〉 −

𝜕

𝜕𝑥
〈𝑣̃𝐸𝑥

𝑞̃2

2𝛼
〉 +

𝜕

𝜕𝑥
〈
𝑣̃𝐸𝑥𝑣̃∗𝑦𝑣̃𝐸𝑦

𝛼
〉 

−
𝜕

𝜕𝑥
〈𝑣̃∗𝑥

(∇⊥
2 𝜙̃)

2
+ (∇⊥𝜙̃)

2
+ 2𝑣̃∗𝑦

2

2𝛼
〉 +

𝜕2

𝜕𝑥2
〈𝑣̃∗𝑥

𝜕2

𝜕𝑥2
(

𝜙̃2

2𝛼
)〉                  (5) 

It is found that the ion diamagnetic drift contributes additional zonal flow drive via its effects on Reynolds stress 

[5–7] and turbulence spreading. Moreover, under fixed PE intensity, finite ion temperature and its gradient 

reduce the allocation of turbulent pseudo-momentum in the total zonal momentum, thereby may enhance the 

zonal flow generation. These theoretical insights advance the understanding of DW-ZF interactions in 

magnetically confined fusion plasmas. 

ACKNOWLEDGEMENTS 

This work was supported by the National Key R&D Program of China No. 2024YFE03060000, the National 

Natural Science Foundation of China under Grant Nos. 12275097 and 12275096. One of the authors, Lu Wang, 

would like to thank the Isaac Newton Institute for Mathematical Sciences, Cambridge, for support and 

hospitality during the program “Anti-diffusive dynamics: from sub-cellular to astrophysical scales,” where work 

on this paper was undertaken. This work was supported by EPSRC Grant No. EP/R014604/1. 

REFERENCES 

[1] Hasegawa A and Mima K 1978 Phys. Fluids 21 87 

[2] Brizard A J Phys. 1992 Fluids B 4 1225 

[3] Diamond P H et al 2008 Plasma Phys. Control. Fusion 50 124018 

[4] Wang L et. al 2012 Plasma Phys. Control. Fusion 54 095015 

[5] Smolyakov A et al 2000 Phys. Plasmas 7 3987 

[6] McDevitt C et al 2010 Phys. Plasmas 17 112509 

[7] Sarazin Y et al 2021 Plasma Phys. Control. Fusion 63 064007 


