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Abstract: Use of the quasistatic (keff) approximation for producing steady-state solutions for non-
critical fission systems is known to result in an imbalance between energy release and deposition
within the system. In this paper, we formally quantify this imbalance and present a self-consistent
energy normalization technique that preserves nuclear energy release per reaction, as well as enforces
energy balance between release and deposition mechanisms, regardless of the criticality state of the
system. The proposed technique is straightforward to implement in any type of transport solver
through the use of a simple energy rebalance factor. Theoretical and numerical results are presented
that demonstrate the energy deposition bias for non-critical systems and the effectiveness of the
proposed energy normalization technique.
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1. Introduction

Many types of reactor calculations, such as depletion and thermal feedback, require
neutron flux distributions that are properly normalized to the specific power level of the
reactor. This power normalization is commonly performed by assuming a fixed energy
release per fission and scaling the flux uniformly throughout the reactor in order to achieve
the specified power level. More recently, detailed reaction-specific energy release data have
been used to improve the accuracy of the power normalization process by accounting for
changes in fission energy release throughout reactor lifetime [1,2]. These changes are due
to variations in the neutron spectrum and reactor material compositions that occur over
time. Accounting for changes in fission energy release during operation helps to limit the
accumulation of errors in fluence, total reactor power output, and depleted/transmuted
nuclide inventories, especially at high burnup (end-of-cycle) conditions.

Detailed power normalization methods typically rely on nuclide-specific energy re-
lease data provided as raw nuclear data. For example, the Evaluated Nuclear Data File
(ENDF) format provides energy release per fission (MT 458) and kinetic energy released
in material (KERMA, MT 300) data by nuclide, which can be used to estimate the energy
released per neutron reaction [3]. These data can be used to estimate the total rate of
energy release in the reactor, which, in turn, can be used to infer the energy deposition rate
based on conservation of energy within the system. Unfortunately, techniques based on
conservation of energy are only guaranteed to work for critical reactors where neutron
production and loss are balanced. Flux solutions for non-critical reactors are obtained via
the quasistatic approximation, where the neutron production rate is artificially modified by
a factor 1/keff in order to force a solution to the steady-state neutron balance equation. This
common, but non-physical, adjustment results in a significant, and often overlooked, effect
on energy deposition rates used for high-fidelity power normalization.

In this paper, we provide a rigorous interpretation of energy balance for a non-critical
reactor and present an energy renormalization scheme that preserves energy release per
reaction and enforces balance between energy release and deposition, regardless of the
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multiplication factor for the system. The proposed renormalization technique is straight-
forward to implement in any radiation transport solver and can be used for both local and
global energy deposition edits.

2. Quasistatic Energy Balance

In order to rigorously define detailed energy balance equations for a reactor, it is first
necessary to establish a consistent nomenclature. In this work, the variable Q is used to
denote energy release from a nuclear reaction and E refers to the energy of an individual
neutron or photon. For nuclear reactions, the variable E′ refers to the pre-reaction energy of
the incident particle, while E indicates the post-reaction energy. The non-italicized variables
Q and E signify total energy release and transfer, respectively, which are integrated over
space as well as the energy for specified reaction types. Subscripts on variables are used to
indicate the incident particle type (neutron (n) or photon (γ)), while superscripts denote
the form of energy emitted by the reaction. The ‘total’ superscript is used to refer to
the total energy emitted from a reaction, regardless of form, while the superscript ‘local’
refers to emitted energy that is deposited at the location of the reaction, typically through
charged particle emission (recoil nuclei, α, β-, etc.) or non-ionizing direct transfer of
kinetic energy. Note that charged particle transport effects are not taken into account in this
analysis, and all charged particles are assumed to deposit their kinetic energy locally, except
when secondary radiation emission (bremsstrahlung, annihilation, electron relaxation) is
specifically included.

We begin with the basic premise that, under steady-state (or quasistatic) conditions,
the total energy released in the reactor must be equal to the sum of the energy deposited
in the reactor and the energy leaking out of the reactor (Ereleased = Edeposited + Eleak). This
fundamental balance equation can be further expanded by considering the various energy
release and deposition processes that occur as neutrons slow-down and produce fissions in
a reactor:

En,birth + Qindirect + Qfission =
(

Etotal
n,fission + Etotal

n,indirect

)
+ En,leakage, (1)

where En,birth is the total birth energy of all neutrons produced in fission, En,leakage is the
total energy of neutrons that leak out of the reactor, Qfission is the total energy released
by fission reactions, Qindirect is the total energy released by non-fission nuclear reactions
(capture and inelastic scattering), and Etotal

n,fission and Etotal
n,indirect are the total energy deposited

within the reactor during fission and non-fission reactions, respectively.
Equation (1) is based on mass-energy balance for neutrons in the reactor, but it does not

consider the actual mechanics of energy deposition reactions, nor the effects (or subsequent
transport) of secondary radiations produced. In fact, neutron energy deposition results
in the transfer of neutron kinetic energy into other forms of radiation, such as photons,
neutrinos, and/or charged particles.

In order to consider the effects of secondary radiation transport, we break the fission
and non-fission (indirect) energy deposition terms into specific ‘local’ and ‘non-local’
components, as:

En,birth + Qindirect + Qfission =
(

Elocal
n,fission + Eneutron

n,fission + Eneutrino
n,fission + Eγ

n,fission

)
+
(

Elocal
n,indirect + Eγ

n,indirect

)
+ En,leakage.

(2)

Note that the non-local component for fission includes emission of neutrons, neu-
trinos, and photons, while the non-local component for non-fission (indirect) reactions
only includes photons. This is because emission of neutrons in non-fission reactions is
traditionally treated as scattering and neutrino emission is accounted for by decreasing
the sensible Q-value for the reaction. Local energy deposition includes fission fragment
and β- release for fission reactions, and recoil nuclei and charged particle emission for
non-fission reactions. Energy released as neutrino and photon radiation will be transported
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away from the original neutron interaction location and deposit energy elsewhere in the
problem. As a result, separate energy balance equations that relate energy release and
deposition are required for both of these secondary radiation types. Neutrinos have an ex-
tremely small probability of interacting within a reactor, which leads to the trivial neutrino
balance relationship

Eneutrino,birth = Eneutrino,leak. (3)

However, photons interact and deposit energy within the reactor, as described by the
photon balance equation:

Eγ,birth = Elocal
γ,indirect+Eγ,leak, (4)

where Elocal
γ,indirect is the local energy deposition due to all photon interactions. Note that

this balance equation implicitly assumes that the Q-value for photon interactions is zero,
which implies that there is no nuclear energy released through these interactions. The
relationship between the various energy release, deposition, and conversion mechanisms
for all coupled radiation types is illustrated in Figure 1.
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Figure 1. Illustration of energy release, deposition, and conversion mechanisms for neutrons, photons, charged particles,
and neutrinos in a nuclear reactor. Evaluated Nuclear Data File (ENDF) reaction numbers (i.e., MT numbers) associated
with energy release/deposition are listed for each reaction category.

Equation (2), along with the auxiliary energy balance equations for neutrinos
(Equation (3)) and photons (Equation (4)), describes the total energy balance for all forms
of radiation within a reactor. Under steady-state conditions (or the quasistatic assumption)
these balance equations are coupled through the following relationships,

En,birth = Eneutron
n,fission, (5)

Eneutrino,birth = Eneutrino
n,fission , (6)

Eγ,birth = Eγ
n,fission + Eγ

n,indirect, (7)
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which require that the energy of secondary radiation produced is equal to the energy of
the corresponding radiation type released during neutron interactions (fission, capture,
and scattering).

For non-critical reactors, the neutron balance condition in Equation (5) is not satis-
fied naturally. This can be shown by writing the total energy release terms as reaction
rate integrals,

En,birth =

〈{
1

keff
En
(
E′n
)}

νΣf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r

, (8)

Eneutron
n,fission =

〈hneutron
n,fission(E′n)

ν
(→

r , E′n
)
νΣf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r

, (9)

where hneutron
n,fission is the energy released in fission as neutrons, keff is the k-eigenvalue qua-

sistatic balance factor (applied to the number of neutrons released per fission to enforce
neutron balance in non-critical systems), En(E′n) is the average fission neutron birth energy,
and angle brackets denote integration over the specified variables. In order for the fission
neutron birth energy to match the neutron energy released in fission (Equation (5)) it
follows that the factors in braces in Equations (8) and (9), each representing the average
birth energy of a fission neutron, must be equal. However, Equation (8) shows that, for a
non-critical reactor (keff 6= 1), the true average fission neutron birth energy (obtained from
the first moment of the fission spectrum) must be scaled by a factor of 1/keff, in order to
preserve the energy balance. The need for this correction factor stems from the quasistatic
approximation itself, where the number of neutrons released per fission is adjusted by
1/keff to enforce neutron (mass) balance in the system. When the number of neutrons
released per fission is adjusted, it follows that the total birth energy of neutrons will also
change unless the average birth energy of fission neutrons is also adjusted by the same
factor. However, changing the birth energy of fission neutrons will affect neutron transport,
leading to undesired changes in the neutron flux and reaction rate distributions throughout
the core.

In order to preserve energy balance without affecting the neutron transport process, it
is necessary to distinguish between the energy of the neutron used to evaluate nuclear cross
sections (the transport energy) and the kinetic energy carried by, and ultimately deposited
by, the neutron (the deposition energy). The neutron transport energy is governed by the
fission spectrum and scattering kernels for the materials present in the reactor and is not
influenced by the multiplication factor (keff) for the reactor. The neutron deposition energy
represents the fraction of the transport energy available for deposition or leakage. The
deposition energy for a neutron is defined as the transport energy of the neutron multiplied
by the ratio of fission neutron energy release to the cumulative fission neutron birth energy:

τn =
Eneutron

n,fission

En,birth
=

〈
hneutron

n,fission(τn, E′n)Σf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r

1
keff

〈∫ ∞
0 En(E′n) νΣf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r

. (10)

This correction factor, denoted τn, is referred to as the energy rebalance factor [1].
Note that Equation (10) is defined implicitly in terms of τn, due to the fact that the neutron
energy released in fission is a function of the incident energy of the neutron causing fission.
Traditionally, fission energy release data in the ENDF format includes the incident energy
of the neutron causing fission, such that:

htotal
n,fission

(
E′n
)
= Qfission

(
E′n
)
+ E′n. (11)

In order to preserve Qfission(E′n) it follows that the total fission energy release,
htotal

n,fission(E′n), must be adjusted in order to account for the change in the deposition energy
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of incident neutrons causing fissions in a non-critical reactor. Since the energy imbalance
is the result of an artificial change in the number of neutrons released in fission, it is rea-
sonable to assume that this adjustment is only applied to the component of fission energy
released as neutrons, such that:

hneutron
n,fission

(
τn, E′n

)
= hneutron

n,fission
(
E′n
)
+ E′n(τn − 1). (12)

An explicit solution for τn is obtained by substituting Equation (12) into Equation (10)
and rearranging to yield

τn =

〈
hneutron

n,fission(E′n)Σf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r
−
〈

E′nΣf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r

1
keff

〈∫ ∞
0 En(E′n) νΣf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r
−
〈

E′nΣf

(→
r , E′n

)
φn

(→
r , E′n

)〉
E′n,

→
r

. (13)

For a thermal-spectrum-reactor, the second term in both the numerator and denomina-
tor becomes negligible. Furthermore, if the fission energy release data (ENDF MT 458) and
fission spectrum data (ENDF MT 18 and 455) are consistent then τn is well-approximated by
keff. This result is consistent with previous studies in this area, which have recommended
scaling neutron energy deposition by keff [1]. However, Equation (13) demonstrates that the
τn ≈ keff approximation is not accurate for reactors where a significant fraction of fissions
are caused by above-thermal neutrons.

The energy rebalance factor forces consistency between neutron energy release and
deposition, as defined in Equation (5). Imposing this consistency on the master energy
balance equation (Equation (2)) allows cancellation of the neutron energy production and
birth terms, yielding:

Qindirect + Qfission =
(

Elocal
n,fission + Eneutrino

n,fission + Eγ
n,fission

)
+
(

Elocal
n,indirect + Eγ

n,indirect

)
+ En,leakage. (14)

Equation (14) is a reasonable (although not necessarily unique) interpretation of energy
balance for a quasistatic system as it enforces conservation of energy release and deposition.
This interpretation is based on the assumption that the rate of neutron production and loss
are balanced for both mass and energy, so the net energy deposition rate only accounts
for the rate at which energy is released during nuclear interactions. This implies that the
amount of neutron energy present in the system remains constant between generations
and does not contribute to the net energy deposition rate. The energy balance relationship
shown in Equation (14) enforces conservation of Qfission and Qindirect on a per reaction basis,
regardless of keff. However, this does not imply that total fission or indirect energy release
in the full system is independent of keff. In fact, the integrated (total) energy release rate
in the code will necessarily change with keff as the ratio of capture/scattering (Qindirect) to
fission events (Qfission) varies.

3. Self-Consistent Local Heating Edits

The previous section established the need to distinguish between the transport energy
and deposition energy for neutrons, in order to ensure balance between energy release and
energy deposition (and leakage) in the reactor. However, the ultimate objective is to define
local heating edits that can be used to determine the distribution of energy deposition
within the reactor, while preserving energy balance.

It is a straightforward matter to use the neutron deposition energy when calculating
leakage and also for adjusting the neutron energy release in fission, as described in the
previous section. However, non-fission energy deposition is more complicated than leakage
and fission energy deposition due to the large number of different reactions that can occur.
The energy deposited for each reaction is based on energy balance where deposition is
equal to the incident neutron energy plus energy released by the reaction (reaction Q-
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value) minus the total energy of radiation exiting the reaction. Therefore, the total energy
released/deposited during non-fission neutron/nucleus interactions is given by:

Etotal
n,indirect =

〈
φn

(→
r , E′n

)nucs

∑
i

rxns

∑
j

(
τnE′n + Qi,j

(
E′n
)
− τnEn,i,j

(
E′n
))

Σi,j

(→
r , E′n

)〉
E′n,

→
r

, (15)

where En,i,j is the average total energy of neutrons in the exit channel for the reaction,
defined by:

En,i,j
(
E′n
)
=
〈

En yn
i,j
(
En
∣∣E′n)〉

En, E′n
, (16)

where yn
i,j(En|E′n) is the yield density of neutrons with energy En due to non-fission

reaction j with nuclide i caused by an incident neutron with pre-collision energy E′n.
Note that we have elected to use the deposition energy for both the incident and exiting
neutrons involved in the reaction. This is a somewhat arbitrary decision, since there are no
constraints on how the difference between the transport and deposition energies for the
neutron should be apportioned between local deposition and exiting neutrons. However,
using the deposition energy for all neutrons involved in the reaction preserves the ratio of
local deposition to transport energy for the neutrons, which simplifies implementation in a
transport solver. Any other assumption would allow the renormalization factor to change
between neutron interactions, which is cumbersome to implement for transport methods
other than Monte Carlo.

The ENDF format allows for neutron-interaction heating data to be represented by a
pseudoreaction cross section, referred to as KERMA (kinetic energy released in material),
which is defined as [4]:

Ktotal
n,indirect

(
E′n
)
=

nucs

∑
i

rxns

∑
j

(
E′n + Qi,j

(
E′n
)
− En,i,j

(
E′n
))

Σi,j

(→
r , E′n

)
, (17)

KERMA data are computed by the NJOY HEATR module by summing over all
possible reactions, including fission. However, in this work, we have assumed that fission
reactions have been omitted from the KERMA definition in Equation (17). This can be
accomplished by subtracting ENDF MT 458 total energy release from fission, htotal

n,fission(E′n),
data from the HEATR calculated total KERMA. Note that this correction must also account
for any other potential inconsistencies between the datasets, such as the application of
unresolved resonance region (URR) self-shielding factors. In general, it appears that the
fission energy release (ENDF MT 458) data should be used instead of KERMA fission
heating data for detailed energy deposition calculations.

Comparison of Equations (15) and (17) highlights an inconsistency between the consis-
tent energy deposition equation and the KERMA definition. Applying the energy rebalance
factor to the KERMA (Equation (17)), multiplying by flux, and integrating over volume
and energy gives an approximation for the indirect energy release/deposition,

Etotal
n,indirect ≈

〈
φn

(→
r , E′n

)
τnKtotal

n,indirect

(→
r , E′n

)〉
E′n,

→
r

, (18)

which incorrectly applies the correction factor to the Q-value for all reactions. This violates
one of the original objectives for the self-consistent normalization technique, which was
to preserve the nuclear energy release on a per reaction basis. As a result, use of the
approximation in Equation (18) will result in an additive bias in the total indirect energy
release. Given that indirect energy release typically accounts for approximately 1% of
the total energy release in a nuclear reactor, this approximation is acceptably small in
many cases. Note that this bias in the indirect energy release does not affect the balance
between energy release and deposition, which will always be preserved if the energy
rebalance factor is calculated from Equation (10). The correction of this bias, and the
preceding ambiguity involving apportionment of deposition energy between deposition
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and secondary neutron emission, will require changes to the processing of heating data in
HEATR and possibly the KERMA data format. One possible solution is to adopt a KERMA
data representation that explicitly accounts for the incident neutron energy, similar to
what is done for the fission energy release data (MT 458). Unfortunately, definition of an
improved KERMA pseudoreaction cross section for quasistatic fission systems is beyond
the scope of this paper.

4. Numerical Results

A simplified transport problem with an analytical reference solution for energy depo-
sition was used to confirm the accuracy of the proposed energy-normalization technique.
The simplified model involves transport of monoenergetic 2.0 MeV neutrons in an infinite,
homogenous mixture of two purely-absorbing nuclides: fuel and poison. The fuel nuclide
is purely-fissioning, with σt = σf = 1.0. Each fission event releases 2.0 neutrons and 200 MeV
of energy (190 MeV excluding neutrinos), divided among charged particles, neutrons,
photons, and neutrinos as shown in Table 1. The poison nuclide is purely-absorbing, with
σt = σa = 1.0 and a reaction Q-value of 1.0 MeV/absorption. In all tests, the number density
of the fuel nuclide was held constant at Nf = 1.0 atoms/(barn·cm), while the number
density of the poison nuclide, Np, was adjusted from 0.5 to 1.5 atoms/(barn·cm) in order
to vary the multiplication factor of the system.

Table 1. Fission energy release by category for fictitious, purely-fissioning fuel nuclide.

Category Nominal Energy Rel. (h(0))
[MeV/Fiss]

Energy-Dependent Energy Rel.
(h(E′))

[MeV/Fiss]

Fission Fragments (hFR) 169.0 hFR(0)
Prompt Neutrons † (hneutron) 1.386 hneutron(0) + 1.307 × E′ × (τn − 1)

Prompt Gammas † (hγ) 12.15 hγ(0) − 0.075 × E′

Beta Particles (hβ) 7.15 hβ(0) − 0.075 × E′

Neutrinos (hneutrino) 10.2 hneutrino(0) − 0.010 × E′

† Delayed neutron and photon release values are assumed to be equal to zero.

Due to the simplistic nature of this test problem, it is possible to analytically solve for
the energy release and deposition as a function of poison density, and thus, the multiplica-
tion factor for the system. The multiplication factor is given by:

keff =
NFνσf

NFσf + NPσa
=

2
1 + NP

. (19)

In keeping with the fundamental assumption that energy release per reaction should
be preserved independently of the multiplication factor, it follows:

Etotal
n,deposited

fission
=

Qtotal
fission

=
Qsensible

fission
fission

+
NPσa

NFσf

Qindirect
absorption

= 190 + NP
MeV

fission
. (20)

As noted previously, the objective of self-consistent energy normalization is to preserve
energy release per reaction (Qfission and Qindirect), while also preserving balance between
energy release and energy deposition, regardless of the multiplication factor for the system.
Analytical energy release and deposition values for the test problem were calculated
for three different energy normalization schemes: no energy renormalization (τ = 1),
approximate renormalization (τ = keff), and exact renormalization, using τ as defined in
Equation (10). In addition, the effect of applying the renormalization factor to Qindirect
(Equation (18)) was considered for the approximate and exact renormalization techniques.
The accuracy of each normalization approach was assessed by determining the ratio of
the total energy deposition to the reference solution (Equation (20)) as well as the ratio of
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total energy deposition to total energy release, over a range of poison nuclide densities
(multiplication factors). Analytical results for all cases are shown in Figures 2 and 3.

These results in Figures 2 and 3 demonstrate that the exact renormalization scheme
(Equation (10)) preserves balance between energy release and deposition for all multipli-
cation factors. In addition, the exact renormalization agrees with the reference energy
release/deposition solution as long as the energy rebalance factor is not applied to the
Qindirect component of local neutron energy deposition. Scaling local energy deposition
(including Qindirect) by the energy rebalance factor produces a positive bias in total energy
release/deposition by a factor of NP·Qindirect, which reaches a relative energy deposition
error of ±0.2% at keff = 1.333 and 0.8, respectively.

The results without energy renormalization or with the approximate (τ = keff) renor-
malization scheme exhibit a clear bias trend in energy deposition, as well as a corresponding
imbalance between energy release and deposition rates for non-critical systems, as expected.
If no correction is applied, then the neutron energy deposition bias is equal to the devia-
tion from criticality (1–keff) multiplied by the ratio of fission energy released as neutrons
to the total fission energy release rate (hneutron/htotal). In this example problem, the un-
normalized energy deposition exhibits a bias of ±0.2% over the range keff = 0.8 to 1.333.
The use of the approximate energy renormalization factor reduced the energy deposition
bias by approximately a factor of 2, but does not eliminate it completely. This is because
the approximate renormalization factor does not account for the effect of the quasistatic
approximation on the energy of the incident neutrons causing fission, which is appreciable
in this fast-spectrum example.
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and for reference (solid lines) and scaled KERMA values (dashed lines). Corresponding numerical results from an MC21
calculation are shown as open markers for selected conditions.
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Figure 3. Energy deposition to release imbalance as a function of multiplication factor for an infinite, homogeneous,
two-nuclide test problem. Theoretical results are provided for three energy correction schemes (no correction, approximate,
and exact), and for reference (solid lines) and scaled KERMA values (dashed lines). Corresponding numerical results from
an MC21 calculation are shown as open markers for selected conditions.

In order to demonstrate the energy imbalance effect in a real radiation transport
solver, the MC21 Monte Carlo code [5] was used to calculate energy deposition in the
example problem. The simulation used 110 batches (10 discard) of 10,000 histories, with
a manually-created nuclear data library containing data for the two fictitious nuclides
defined previously in this Section. MC21 results for the energy deposition bias and en-
ergy deposition/release imbalance for nine different criticality conditions show excellent
agreement with the theoretical predictions, as illustrated in Figures 2 and 3 (open data
markers). Note that all MC21 results use the KERMA scaling approximation due to the
previously-discussed limitations in the representation of KERMA data in the ENDF format
and the corresponding use of the data by transport solvers.

5. Conclusions

The quasistatic (keff) approximation commonly used for fission criticality calculations
will necessarily lead to an imbalance between energy release and energy deposition for
non-critical systems. In this paper, we formally quantified this imbalance and presented
a normalization factor for energy deposition that preserves nuclear energy release per
reaction, as well as enforcing energy balance between release and deposition mechanisms,
regardless of the criticality state of the system. The normalization technique distinguishes
between the transport energy of a neutron, used for evaluating reaction cross sections, and
the corresponding deposition energy, which is available for the transfer to the surrounding
material. Implementation of the correction technique involves the application of an energy
rebalance factor to local energy deposition or transfer quantities, including leakage, fission
neutron emission, and local energy deposition (KERMA). Theoretical and numerical results
are presented, which demonstrate that the self-consistent method is able to preserve
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reaction energy release and energy release/deposition balance. However, limitations in the
ENDF format for local energy deposition (KERMA) data prevent conservation of indirect
energy release for most applications. This issue warrants further investigation and may
be mitigated by the establishment of an improved representation of KERMA data in the
ENDF format.
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