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Overview

1. Classical probability and statistics



Frequentist probability

@ Probability = frequency
@ Straightforward:

o Number of 1s in 60 dice throws ~ 10: p =1/6

e Probability of plasma disruption p =~ Ngis/ Niot
@ Less straightforward:

e Probability of fusion electricity by 2050?

e Probability of mass of Saturn 90m4 < mg < 100m4?



Flavors of uncertainty

Aleatoric/statistical /random Epistemic/systematic
uncertainty uncertainty

@ Leads to different outcomes in @ ‘Fixed’ but unknown (‘bias’)

multiple experimental trials @ Cannot be reduced through
@ Can be reduced by repeating repeated measurement
measurement
Frequency

Systematic error
Bias = (j — true value)
Trueness

Random error
Variability (26)
Precision

Lo
(52 (T

True value (or reference) i
i Measurement value

Measurement error
(single measurement - true value)
Accuracy



Populations vs. sample

We want to know about these We have these to work with

P F KAy e g

U Estimate

PARAMETER = STATISTIC

Population mean () Sample mean (%)
Population standard deviationo) Sample standard deviation (s)




Statistics

e E.g. weight w of Belgian men: unknown but fixed for every
individual

@ Average weight y, in population?

® Random variable W

@ Sample: Wi, W,, ..., W,

@ Average weight: statistic (estimator) W

@ Central limit theorem:

W~ p(Wlpw, 0w) = W~ N (ptw, 0w/ /1)



Maximum likelihood parameter estimation

@ Maximum likelihood (ML) principle:

flw = argmax p(Wy, ..., Wy|pw, ow)
uw€ERT

71 (Wi — Mw)z]
~ arg max ex ——
V§€R+ E V 27T(TW p |:

_ 1 _ L (Wi — pw)?
= a;g :Ilﬁx Vo exp [ Z

@ ML estimator (known ov,):

flw =W =



Frequentist hypothesis testing

@ Weight of Dutch men compared to Belgian men (populations)
@ Observed sample averages Wi, Wgg
@ Null hypothesis Hy: pwNL = Hw,BE
@ Test statistic:
Wi — Wae

OivNL‘iVBE

/1N
\ e
A -

3 -2 -1 0 1 \ 3
z=1.96

~ N(0,1) (under Hy)




Overview

2. Principles of Bayesian probability theory



Probability theory: quantifying uncertainty

@ Every piece of information has uncertainty
@ Uncertainty = lack of information
@ Observation may reduce uncertainty

@ Probability (distribution) quantifies uncertainty
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Example: physical sciences

@ Measurement of physical quantity

@ Origin of stochasticity:

e Apparatus

e Microscopic fluctuations

@ Systematic uncertainty is assigned a
probability distribution

@ E.g. coin tossing, voltage measurement,
probability of hypothesis vs. another, ...

@ Bayesian: no ‘random’ variables
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What is probability?

@ Objective Bayesian view
@ Probability = real number € [0, 1]
@ Always conditioned on known information

@ Notation:
p(A[B) or p(A|l)

e Extension of logic: measure of degree to which B implies A
@ Degree of plausibility, but subject to consistency
@ Same information = same probabilities

@ Probability distribution: outcome — probability



Joint, marginal and conditional distributions




Example: normal distribution

@ Normal/Gaussian probability density function (PDF):

x— u)?
)= g ew |t

@ Probability x; < x < x1 +dx
@ Inverse problem: y, o given x?

<

S 34.1% 34.1%




Updating information states

Bayes’ theorem

(x[6,) (9\1) x — data vector
px|o,L)p
Olx,[) ="—~— """~ "7/
p(0|x,I) )

0 = vector of model parameters

I = implicit knowledge

o Likelihood: misfit between model and data
@ Prior distribution: ‘expert” or diffuse knowledge

@ Evidence:
plD) = [ plx,0l1do = [ p(xle, Dp(6lr)do

@ Posterior distribution
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Updating information states

Bayes’ theorem

x — data vector

x|, )p(6]1)

p(
Olx,I) = 0 = vector of model parameters

I = implicit knowledge

o Likelihood: misfit between model and data
@ Prior distribution: ‘expert” or diffuse knowledge

@ Evidence:
plD) = [ plx,0l1do = [ p(xle, Dp(6lr)do

@ Posterior distribution



Mean of a normal distribution: uniform prior

@ 1 measurements x; — x
@ Independent and identically distributed x;:

p(x|p, o, 1) = Hraep[ (2;;!)2]

@ Bayes’ rule:

p(,olx, 1) c<p(x|u, o, Dp(p, o|T)
@ Suppose ¢ = 0. — delta function
@ Assume i € [fimin, #max] — uniform prior:

Hmax — Umin

1
- if U S [,umin/ ,umax]
p(ull) = {
0, otherwise

@ Let pmin — —0, fimax — +00 = improper prior
@ Ensure proper posterior



Posterior for u

@ Posterior:

_Z?:l (xi —p)?
plads, ) o exp |~ =10
@ Define
_ 1 1
x==)x, (Ax)2 ==Y (v —x)?
h =1 n i=1

o Adding and subtracting 2n¥* (‘completing the square’),

p(plx, I) o< exp {_202/” [0 =2+ (@] }

@ Retaining dependence on y,

=2
p(plx,I) o< exp [— (Zaz/xr)l ]

o u~N(Xx02/n)
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Mean of a normal distribution: normal prior

@ Normal prior: p ~ N (po, 72)

@ Posterior:

n L 2 _ 2

@ Expanding and completing the square,
i~ N (i, 03),

where
o fn_ 1 , [ n 1\
]/ln = (Tn (ZZx + ?VO and Un = ﬁ + p

® u, is weighted average of yp and x



Unknown mean and standard deviation

@ Repeated measurements — information on o
@ Scale variable o — Jeffreys’ scale prior:

1
p(o|l) « = o €]0, 4o0[

@ Posterior:

1
p(u, olx 1) o< - exp [— 2
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Marginal posterior for yu (1)

@ Marginalization = integrating out a (nuisance) parameter:
+o0
plulxD) = [ p(p,olx, 1) do

o1 [P+ 7] s
oc/o 2[ 2/n ] s2 e °ds

NI

(SR

4

2r () |5

where

(1 —%)* + (Ax)?
202 /n

S
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Marginal posterior for u (2)

@ After normalization:

NI

I(3)

mt(Ax)2T (52)

(n—%)°
(Ax)?

NI=

p(ulx 1) = 1+

e Changing variables,

_ %2
t= (1 —%) , with p(t|x, I)dt = p(ul|x, I)dp,
(Ax)2/(n—1)
r (%) 2172
tx, 1) = 2 1+ }
) = e oy [
@ Student’s t-distribution with parameter v =n — 1
o Ifn>1,
—%)2
p(ulx,I) — _“‘:3]
27t(Ax)?/n 2(Ax)?/n
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Marginal posterior for o

@ Marginalization of u:

—+00
plolxD) = [ plu ol D) dp

@ Setting X = n(Ax)2/0?,

p(X|x,I) = ——X27le" 2, k=n—-1

o x? distribution with parameter k

23



The Laplace approximation (1)

@ Laplace (saddle point) approximation of distributions around the
mode (= maximum)

e E.g. marginal for u:

T (n— 7
p(ulx,T) T(Ax);r(nz_l) 1+ o
@ Taylor expansion around mode:
nlp(pi )] ~ I D] + 3 S| -’
e (][ (5)
—lln[nW}— n (n —x)?
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The Laplace approximation (2)

@ On the original scale:

p(plx, I) =

@ Standard deviation ¢, — curvature of Inp:

—-1/2
u—J

d?(Inp)
o, = [— d‘uz
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Laplace approximation: example 1

Density

0.000 0.004 0.008 0.012
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Laplace approximation: example 2

Density

0.000 0.004 0.008 0.012
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Multivariate Laplace approximation

@ For 0 =[6y,...,6,],

(0100, 1) o exp | 5(0 — 00)'[V'V (1n ) o0, (6 — 00)

@ VV(Inp): Hessian matrix, where

L= —{[VV(np)le—g}
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Model comparison (hypothesis testing)

@ Let {H;} be complete set of hypotheses
@ Data D to support or reject hypotheses

@ Bayes’ rule:

D|H;, I)p(H;|I)

, _po

, p(DIN) = ¥ p(DIH; Dp(Hi1)

@ Assume single hypothesis H and complement H
o Odds ratio o:

p(HD,I) _ p(DIH,I) p(H|I)

0

p(HID,I) ~ p(DIH,I) p(H|I)
———— ———
Bayes factor Prior odds
e p(D|H,I) = model evidence

29



Testing a Gaussian mean (1)

e E.g. n measurements x; of a quantity x

@ Assume normal distribution with known variance ¢

@ Question: are the data compatible with mean y = y(?
o Yes: H
o No: H

@ Under H:

_ 1 _
p(x|H,I) = Cexp {—W(x — yo)2

e Under H:
p@EIH,D = [ pEl,, Dp(ulH, 1) dy 1)

30



Testing a Gaussian mean (2)

@ Assume bounds pmin and pmax:

— 1
p(ul|H,I) = 1(pmin < # < pmax)

|,umax - ]/‘min’

@ Then (1) becomes

p— _L Hmax _ _ 2
p(xlL 1) exp | 527 (7= 7]

|Vmax - ,umin| Hmin
@ Assume wide prior interval:

X — Mmin|, |X — #max| > SE,

SE = standard error =

31



Testing a Gaussian mean (3)

@ Then

— C too 1
e [ ap[ o]
PR~ e [ exp[ s (= 102 d

CSE v2m

- |]/lmax - ]/lrnin|
@ Bayes factor BF:

BF = P(ﬂg;l) _ |,umax — ,umin’ 1 1.2
p(x[H,I) SE V21

o Cf. frequentist hypothesis test
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Sampling from distributions

@ Need samples from target distribution p(0|I)
@ Markov chain Monte Carlo sampling
@ Sample from proposal distribution

—— Posterior Contours
—— Sample Path
-- Rejected Samples
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MCMC sampling

Diagnostics for p

o
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Overview

3. Applications
@ Classification
@ Regression analysis
@ Some other applications
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Overview

3. Applications
@ Classification
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Classification or clustering

Binary classification:

A

h

Multi-class classification:

A

X X A xX
5 X o| BA TxX
0.0 o %
O DDD
o , Xy ’
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Simple Bayesian classification

@ M clusters of in total n data points x; in P-dimensional space
@ Known class labels w; (j =1, ..., M) of x;

@ Bayes’ rule for new point x:

p(x|wj, Dp(wj|I)
p(x[T)

plwjlx,I) =
® Maximum a posteriori (MAP) classification rule for x:
Assign x to w; = arg max p(wj|x, I) = argmax p(x|wj, [)p(wj|I)

wj wj
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Examples of priors and likelihoods

e Examples of prior probabilities (indifference):

o p(will) = p(w;ll), Vi, j
o Count class membership:

plaln =",  i=1,..,M
n
e Examples of likelihoods:
e Naive Bayesian classifier:
P
p(x|w;) Hp X |w;), i=1,...,.M
k=1

o Multivariate Gaussian:
1 1
p(x|wi, 1) = @2 P | S =)' T (v =)
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Optimality of Bayesian classifier

Bayesian classifier minimizes probability of misclassification

3p(x|wr) A 3P(@lw2)

Ra Ra

Io
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Optimality of Bayesian classifier

Bayesian classifier minimizes probability of misclassification

3p(]wr)

T | e
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MAP classification: decision surfaces

@ MAP: maximize w.r.t. w;:
Inp(wjlx,I) = Inp(x|w;, I) + Inp(wj|I)
@ Define (M = 2):
8(x) = Inp(wi|x,I) — Inp(walx, 1)
@ For normal likelihood:

uadratic .
Q Linear

1
g(x) = 5 <xt22_1x - th_lx) —I—yﬁz_lx -l

1 yoq | 22| p(wi|l)
2#121 Sl 21‘2 2 I‘2+ 1 ]Z!+1 WZU)

Constant

@ g(x) separates classes: decision hypersurface
42



Discriminant analysis

Pl

decision boundary
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QDA and LDA

Class uy

Quadratic discriminant analysis

(QDA)

9 Class wy

Class wa

5 0 5

Linear discriminant analysis
(LDA): 21 = 22
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ELM type classification

m Type | ELMs
8 @ Type Il ELMs

Pinput — 1411, = 7.47

4 & 8 10 12 14 16 18 20 22 24
Poput(MW)

A. Shabbir et al., Fusion Eng. Des. 123, 717, 2017
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Overview

3. Applications

@ Regression analysis
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Uncertainties in regression analysis

@ Measurement uncertainty

@ Percentage errors from database
@ Model uncertainty:

e Power law
e Missing variables
e Confounding variables

@ Predictor correlations (e.g. I, o By)
@ Heterogeneity: multi-machine database

@ Simpson’s paradox:

47



Multilinear regression and simple least squares

@ Regression model (Gauss-Markov):

Y=o+ a1x] +axxp + ... +ax, +€ Often loglinear!
€ ~ N(0,0%), o known

@ Take n measurements:
— t
y:[yll'--/yn]/ :
Yy 5|
1 x.n EERRRE le
X =
1 xp1...... Xnp

@ Ordinary least squares (OLS):

XOLs = argmin [(y — Xa)'(y — th)} = (X'X)" X'y
® ——
Moore-Penrose pseudoinverse

48



Maximum likelihood solution

@ Likelihood:

2
1 1 P
plylx, a,0,1) = Tore exp {M (y—zxg— Z%ogag) ] ,
]:
t]t

« = [ao, wp = [, ..., )

e Conditional independence:

1Y, 0,0,1) = (27) 20 exp |5 = X'y — Xo)
@ ML solution:

0=V,(y—Xa)'(y — Xa) = —2X'y + 2X"'Xa
= oML = (XtX)*lXty = K&QOLS

49



MAP solution and posterior

@ Uniform priors on &; (not the most uninformative!):

1
plaly, X,0,1) cexp |~ 51 (g~ Xa'(y — X))

@ Due to linearity and Gaussianity: apap = amr = 15
@ Taylor expansion (exact!):

(y — Xa)'(y — Xa) = (y—Xamar)' (y — Xaniap)

1
+ E(“ — RMAP)tZXtX (0( — “MAP)
@ Posterior distribution:

plaly, X,0,1) = (2m) /2|7 1/2
(& — apiap)'Z (& — amap) |

r=3(XX)7!

xexp | —5
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Posterior predictive distribution (1)

@ New predictions by the model?
@ Posterior predictive distribution:
p(ynew ’xnew: Y, X/ g, I) = /]RP+1 p(yneWI ,B‘xneWz Yy, X/ ag, I) dﬁ

= /]RP+1 P (Ynew |[%new, B, 1) p(Bly, X, o, 1) dB

@ But
P(]/new|xneW/ ﬂ/ I) = 5(]/new - ,thnew)

@ Fix ,BO = Ynew — ﬁlxnew,l T ee e T ,Bpxnew,p
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Posterior predictive distribution (2)

@ Marginalize over B with flat priors:
g p P

p(]/new ’xneW/ Y, X, o, I)

2
xo " /Rpexp{ 12§ [ ynew+2!3] Xnew,j — xij)] } d:Bp

o After (quite some) algebra, one finds simply
Ynew,MAP = ) _ Xnew,i/BMAP, + BMAP,0

j=1

@ Simpler derivation based on properties of E and Var

@ General posterior more complicated!
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Multicollinearity

Detection Remediation
@ Correlation matrices @ Eliminate predictor variables
@ Belsley collinearity @ Principal component
diagnostics regression

@ Regularization: ridge, lasso,

elastic net, ...
53



Ridge regression and lasso

@ Ridge regression (Tikhonov regularization) or zero-mean normal
prior:

arldge—argmm (y — Xa)'(y — Xa) +Asz
j=0

@ Lasso or zero-mean Laplace prior:

Klasso — arg min (y X“) (y X“ +A Z ‘0‘/‘
j=0

[+ Bt 54



Divertor configurations at JET

CC (corner)

Erale U\ Y ¢

" T S

2 Fr
=N l S !
%?i o BN S

S —— iy |
AT TR %
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Categorical variables

@ Loglinear model:

n
W
Y3
Ya
Ys

yn.—l
L Yn |

Xo,cC

@ Statistical model:

y = Xa+¢€,

B R RS

0
0

= = O O

0
0

X0,HT3R

O O O OO

0
0

Xo,v5

€ ~ N(0,0%I)

0 0
0 0
0 0
0 0
0 0
0o 1
0 1
XovsL  XovT

XBy,1 Xne,1 1
X2 Xne2 &o,cC
XB,3 Xo,3 X0,HT3R
L4
XBy4 Xpod 0,Vs Intercepts
11
XB.5 X11e,5 0,VsL
: : QoyT
. . o
XB,, Xn. B Slopes
Byn—1 ne,n—1 o,
XByn Xnen |
XB, X,
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Global confinement scaling

@ Power law + log-transform:

— a%0 J&T RXB Z&n PAP X A5 K M
Tgm = €0 I By f1g" Py Ro&, (1+06)™ x3™ e Mgy

n= In TE,thr G1= In Ip/ Sy gp = In Megs

@ Errors in all variables:

4
n=ao+)
j=1

y=n-+e, x1=G+e€y, ..., Xp=7C+tey,
eyw./\/<0,c7y2>, €x1NN(0,0',%1), o, expwj\/'(o,a)%p>

P
2 _ 2 2 2
omod—0y+gzx]-ax/_
j=
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Robust Bayesian regression

@ Robust Bayesian regression RBAYES

P({Viex}s {xigjx} {0, i}, {7k })
1

S ) (e ——
ki \/2”')’k‘7mod,ik,k

1 for each device

2
_1 (ylkrk - nlkrk)
2 Yo rznod,ik,k

@ Sensitivity analysis — practical error bars:

AN w [ e[ N[~ =
ER I Al> sz oo -
fm [ w | wwr - > o |-
§° - | -] - A | | |- | -
Sim| o w A w |-
G [ [ o[- |-
A AE IS VAR
i || w [ |- -
ARSI E R Y
Tar T TR ™ e s o e e 58



Geodesic least squares

@ Geodesic least squares: GLS

1 (yik/k - Uik,k)2:|

1
H H —F—exXp | —
K i (J270R { 2 Credik

Rao geodesic distance (GD)

1 | y—u)?
V2 Oobs 2 Oobs 2

G. Verdoolaege et al., Nucl. Fusion, 55, 113019, 2015
G. Verdoolaege et al., Entropy, 17, 4602-4626, 2015
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Multi-machine engineering scaling

STDs-IL ELMy H-mode (error bars from Bayesian analysis)

Engineering scaling

TE,th —_ (0067 L 0060) 111).29:t0.17 Bt—0.13ﬂ:0.17 ﬁ2.15:t0.10 P

0.644£0.060 p1.1940.29
Lth geo
X (1 + 5)0.56ﬂ:0.35 Kg.67:i:0.65 Mgng:O.U — Hyg
T, th ITER = 2.79 £ 0.44 s

10°

G. Verdoolaege et al., Nucl. Fusion, 61, 076006, 2021

G. Verdoolaege et al., 27t IAEA Fusion Energy Conference, EX/P7-1,
Gandhinagar, India, 2018

S. Kaye et al., éoth Annual Meeting of the APS Division of Plasma Physics,
TP11.00104, Portland, OR, USA, 2018
1072

107" 10
TEahITER (S)
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Overview

3. Applications

@ Some other applications
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Gaussian process tomography

- 5 o 2
k@, 7)) - k(F,7) |7 -7
Y= oo . k(7 7) =02 exp|—

k(Fnr ?1) k(Fn; Fn)

2012

J. S n, EFDA-ET-PR(11)24, 2011
D. Li et al., Rev. Sci. Instrum. 84, 083506, 2013
T. Wang et al., Rev. Sci. Instrum. 89, 063505, 2018

SXR tomography

Tomographic reconstruction Measured and reconstructed signal Tomographic reconstruction Measured and reconstructed signal
o
+ rcommcten 00 + recomsncres
10 700 + measured + measured
P S o
a8 H H
2500 U A P
05 : 3 3 .
) Jm| LA I["
04 £ 300 gwi A
< 200 . g 200 v
02 H Y H F
200 . 0
\ kel
00 :
w00 zm0 300 NG 2500 ERE S
Wojor racs (mm) e of channeis lor radi (o) number of channels

Real emissivity Relative error map Real emissivity Relative error map
025 o7
05
020
05
015 0a
010 o2
02
005
01
000 00

3000 50

000 2300
Wajor radius (mm)

2000 2500 I w00 2500 3000
Major raius (mm) Major adius ()

Results by H. Wu, UGent

o
Major radiws fmm)
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Information integration

@ Data fusion / sensor fusion / integrated data analysis (IDA)

Raw data X Raw data X

Parameters Q, §A Parameters Q, §B
Fwd model f, (Q, éA) Fwd model fg (Q, éB)

P (% %[0, 80,05, 1)

en{——Z[xA - 1a(0.61) —EZ[XB ~so(0.6s)]

fa (Q: és)

Physical !
quantity Q to be
measured

P(Q; BA/ 9B|xA/xB/ I) & P(xAsz|Q; BA/ GB/ I) P(Qz BA/ 9B|IZ
Posterior likelihood Prior
See IDA session on Friday!
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Overview

4. Conclusions and references
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Conclusions

@ Frequentist vs. Bayesian methods: interpretation of probability

@ Bayesian probability: extension of logic to situations with
uncertainty

@ Posterior probability of parameters or hypotheses
@ Numerical approach in general

@ Underlies or explains many machine learning techniques
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