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Abstract

The application of Generation IV reactors offers improved sustainability of nuclear energy production and extends the current reserves while it helps to reduce the amount of nuclear waste. In fast reactors, due to its characteristic spectra and the reactor design, the effect of the leakage is much higher, which suggest the need of transport approximations with higher angular expansion for various analysis, such as sensitivity and uncertainty analysis. In this study three different reactivity feedback coefficients of the Advanced Lead-cooled Fast Reactor Demonstrator (ALFRED) reactor is analysed: the coolant temperature coefficient, the cladding expansion coefficient, and the fuel temperature coefficient. During the evaluations, the central difference direct perturbation method (DPM) and the linear perturbation theory (LPT) were applied to determine the feedback coefficients and their uncertainties. Multiple codes with fundamentally different calculation methods were employed during our investigations. The continuous energy SERPENT Monte Carlo code, the multigroup TSUNAMI-3D sequence of the SCALE program package, and PARTISN discrete ordinate neutron transport code coupled with SEnTRi developed by the authors was applied and the properties of these fundamentally different calculations are presented. Furthermore, uncertainty calculations were performed to estimate the uncertainty of the reactivity feedback coefficients due to cross-section data. In order to confirm the validity of the applied tools and methodologies, lead void coefficient calculations were performed for the Comet critical assembly and the results were compared with the published experimental data. The results confirm that good agreement can be reached between the different methods and with the measurement results with properly chosen calculation parameters. Besides the high-level transport approximation, the appropriate spatial resolution has outstanding importance to describe the high flux gradient. While Monte Carlo solutions may use more accurate geometry modelling deterministic solutions may be superior in respect to the uncertainty analysis of reactivity coefficients where small differences need to be determined.
INTRODUCTION
The Generation IV reactors are under extensive research in order to facilitate their commercial deployment as well as their introduction to the nuclear fuel cycle in the future. The use of these reactors offers an improved sustainability of nuclear energy production, the extension of current reserves, while they also help to reduce the amount of nuclear waste. On the Gen. IV International Forum in 2000 [1], six concepts were selected for further development, including the Lead-cooled Fast Reactor (LFR) design. Within the 7th European Framework Program (FP7), the objective of the Lead-cooled European Advanced Demonstration Reactor (LEADER) project was to design the Advanced Lead-cooled Fast Reactor Demonstrator (ALFRED) [2]. The construction and successful operation of ALFRED would be a milestone in the process of developing the LFR concept. Due to the limited experience with fast reactors, the design heavily relies on the results of numerical simulations. In particular, sensitivity and uncertainty analysis has huge importance to identify the fundamental physical processes and critical points of the system.
Sensitivity and uncertainty calculations have been performed for the gas-cooled fast reactor concepts in [3] and [4] with the direct and linear perturbation theory. Furthermore, in [5] the PORK code is presented to determine the explicit sensitivity coefficients and performs calculations like the SEnTRi code, which will be presented later in this study. In [6], the collision history approach was implemented to the SERPENT code and was used to study the coolant density reactivity feedback for the ALFRED and an SFR reactor design. Our earlier calculations on this topic were presented in [8], which indicated the importance of the leakage therefore the full core calculations in the reactivity effects. More extensive research is introduced in [9] for the reactivity effects of the ALFRED reactor core with direct perturbation theory and nuclear data uncertainty analysis, which is extended in [10] with the uncertainties from material properties. The effect of these uncertainties on safety margins is assessed in [11]. As the scope of the research extends to transient simulations, a deeper understanding of the physical processes behind the feedbacks became necessary [7]. In some cases, experimental data also support the results of calculations: a series of measurements were performed at the Los Alamos National Laboratory on a modified setup of the Comet Critical Assembly, in order to determine the void coefficient of lead in a fast neutron spectrum [12].
This paper presents sensitivity and uncertainty calculations for the Comet Critical Assembly and for the ALFRED reactor core. Reactivity coefficients and their uncertainties originating from the nuclear data were determined using several different codes and methods and the results were compared. To obtain reactivity coefficients, direct perturbation calculations were performed with the SERPENT [13] continuous energy (CE) Monte Carlo transport code, with the KENO multigroup Monte Carlo code from the SCALE [14] package, as well as with the PARTISN [15] multigroup discrete-ordinates neutron transport code. Sensitivity coefficients were computed with the iterated fission probability (IFP) [16] based method implemented in SERPENT and using linear perturbation theory implemented in TSUNAMI [17] (the sensitivity and uncertainty analysis sequence of SCALE). Additionally, they were calculated with the SEnTRi code developed recently by the present authors, being based on the linear perturbation theory, this code requires the calculation of the forward and adjoint flux moments, which were obtained using the PARTISN deterministic transport code. A more extensive description of the applied methods can be found in [22], with a detailed discussion of the nuclear data uncertainties with the most significant contributors.
The remainder of the paper is structured as follows. Section 2 describes the theory of the computational methods used in the calculations. Section 3 presents results of the lead void coefficient obtained for the benchmark experiment of the Comet Critical Assembly. In Section 4, three reactivity coefficients (the coolant temperature coefficient, the cladding expansion coefficient, and the fuel temperature coefficient) of the ALFRED reactor are analysed. Finally, a short conclusion is given in Section 5.
Methods and theory
Reactivity feedback coefficients describe the sensitivity of the multiplication factor  for a change in one of the parameters  of the system. Two methods to determine these parameters will be described: the central difference direct perturbation method (DPM) and the linear perturbation theory (LPT).
The direct perturbation method
When applying the DPM method, two eigenvalue calculations are performed by applying a positive and a negative change to one of the system parameters around its reference value. The reactivity feedback coefficient  is then obtained by subtracting the reactivity  from the two calculations and dividing the change in the system parameter :
	
	(1)


This method requires separate calculations for all parameters and may produce results with large relative errors, but it does not use any approximations, and all processes which stem from the change will be taken into consideration. Therefore, it represents a global reactivity effect and does not give an insight into the details of the physical phenomenon.


The linear perturbation theory
In the course of LPT calculations [18], the so-called sensitivity coefficients are determined, which quantify the relative change in the effective multiplication factor due to a small perturbation in the macroscopic cross-section.
	
	(2)


In Eq. 2,  stand for destruction operator in the Boltzmann transport equation,  represents the fission source term,  is the cross-section of the reaction in interest, and  and  denote the forward and adjoint flux, respectively. The  is the effective multiplicity factor,  represents the space vector, and  denotes the integration on the full phase-space.
The greatest advantage of the use of the LPT, that these sensitivity coefficients can be computed for any energy group , material , reaction , and geometrical region  and therefore more details can be acquired about the system. However, the application is limited to problems where the higher-order terms of the perturbation and the perturbation of the flux are negligible. The reactivity feedback coefficient can be determined by the sensitivity parameters for those physical processes which affect the cross-section data, and it can be expressed with Eq. 3.
	
	(3)


Uncertainty analysis
With the use of the sensitivity coefficients one can calculate the uncertainty of the multiplication factor or any reactivity effect originating from the uncertainty of the nuclear data. In particular, the variance of the effective multiplication factor due to the uncertainty of a cross-section data of any isotopes and reaction can be written as:
	
	(4)


where  denotes the region-integrated sensitivities and  represents the covariance matrix. The calculation of the variance of the reactivity effect goes in a similar way, but  are replaced by the so-called reactivity response sensitivities defined as:
	
	(5)


To obtain , the sensitivity coefficients and the effective multiplication factor need to be calculated for both the reference and the perturbed state, which means that the perturbation of the flux is taken into account for the reactivity effect and for its uncertainty.
The applied codes
The computation of the integral in Eq. (2) can be done with several methods. In order to assess the performances of these techniques for fast reactor applications, we used three codes that implement three different approaches to calculate the integrals. The SERPENT continuous-energy Monte Carlo code, the TSUNAMI sequence of the SCALE program package, which uses the KENO multi-group Monte Carlo program, and the PARTISN discrete ordinate neutron transport solver coupled with the SEnTRi code were used during our research.
In the SERPENT continuous-energy Monte Carlo code, the adjoint-weighting is performed by the implementation of the IFP method, while the perturbation of the operators is modelled by the perturbation of particle weights [19].
The method used by the latest version of multi-group TSUNAMI [17] requires less computational effort. First, a forward calculation is performed, and the angular moments of the flux are determined in a given spatial discretization. Then the moments of the adjoint flux are calculated in a similar manner during the adjoint calculation, and finally the integral in Eq. 2. is calculated for every cell by using the cell-wise flux values.
The PARTISN [15] is a discrete ordinates neutron transport code, which was developed at Los Alamos National Laboratory (LANL), was coupled with SEnTRi code (Sensitivity and Transient investigator), under development by the authors, was also used during the investigation as a deterministic approach to determine the sensitivity coefficients. To calculate these coefficients from the angular flux distributions generated by the PARTISN the same technique applied by the TSUNAMI [14] sequence was implemented into the code. Similar approaches have already existed, like the SUS3D code [20].
The TSAR module of the SCALE program package offers the opportunity to perform the uncertainty calculation although it is limited for the sensitivity coefficients calculated by TSUNAMI. In order to perform the analysis with the sensitivities determined by other codes, a new calculational tool was developed in the NTI. The reactivity response sensitivities are determined in the same way as it is done in the TSAR module, however, the error calculation was modified to take into account the variance of the effective multiplicity factor, as well. This results in higher deviations of the uncertainties when the reactivity differences are smaller.
Calculations for the COMET critical assembly and the validationof the applied methods
Lead void coefficient measurements [12] were performed during a collaboration between the Japan Atomic Energy Agency and Los Alamos National Laboratory on the Comet critical assembly. The Zeus series of critical experiments were performed on the Comet assembly, over the years between 1998 and 2004. The geometry, which contained highly enriched uranium (HEU) plates and various interstitial materials, was changed later, and recently it was used for the investigation of lead-void reactivity coefficient with added lead plates.
The Comet Critical Assembly is a zero-power reactor with many possible configurations. In this section, only one configuration, namely the Low-enrichment Uranium/Lead (LEU/Pb)[12], is introduced, which was used for our investigations and can be seen in FIG. 1. The core itself has a cylindrical shape, vertically split into two parts by a metal plate named the diaphragm and surrounded by slabs of a copper reflector. In this particular configuration, the units of which the core is built consist of thick natural uranium (NU) and thinner highly enriched uranium  and lead plates stacked upon each other. During the experiments lead units were replaced with aluminium spacers in the center of the core right below the diaphragm, which is referred to as the test region. Various configurations were measured, beginning with the reference case, which contained no removed plates, followed by a series of void cases. In these cases, a different number of lead plates were removed from the center, namely two (2V), three (3V), and four (4V).
[image: ]
[bookmark: _Ref71810497]FIG. 1.	The Comet critical assembly
In the Monte Carlo codes, the exact geometry description was applied for each cell, therefore the SCALE and SERPENT models are identical in every aspect. On the other hand to create the model for the PARTISN code some homogenization of the geometry was necessary and the lead plates sandwiched between two sheets of aluminium were mixed together. A sensitivity study was done for different quadrature sets in PARTISN and as a result, the built-in  triangular Gauss-Chebyshev quadrature set was applied. The sensitivity coefficients were computed in the SCALE 252-group structure with all three codes and the uncertainty analysis was done with the same structure with the SCALE and the SEnTRi codes. However, due to the prohibitive computation effort required to reach proper statistics, in the SERPENT uncertainty calculation the SCALE 56-group structure was applied. Based on Eq. 3. the following formula was applied to determine the reactivity worth of the lead plates with LPT:
	
	(6)


where summation for index  and  goes for the Pb isotopes and the volumes of the test region, respectively,  denotes the number of lead plates exchanged in the system and divided up with the total number of plates in the test regions.
Sensitivity and uncertainty calculations for the Comet Critical Assembly
In order to compare the different methods produced by the three different codes and to achieve a better understanding of the system and the effects of the different options in the codes numerous analyses were performed. The final results from these calculations are summarized in FIG. 2, which indicates that all codes were able to produce adequate results compared to the measured data.
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[bookmark: _Ref70520133]FIG. 2.	Void reactivity worth calculated by the three codes and with the two method for the three cases
The energy-dependent contributions of the different reactions can be calculated from the sensitivity coefficients and compared in FIG. 3. The contributions for the reactivity worth were divided into 3 main reactions: elastic, non-elastic scattering, and capture reactions. One can observe that the positive lead void effect can be associated to the lead inelastic scattering above 1 MeV since that produce low energy neutrons with less importance in a core with fast neutron spectrum. This is partially compensated by the negative effect of the elastic scattering which is due to higher leakage probability in the absence of the scattering on lead. The low absorption cross-section of lead produces a minor positive effect. Even though the group-wise contributions of the elastic scattering and the capture reaction agree well for all cases, a small deviation can be observed for the elastic scattering, which is strongly related to the leakage and therefore the angular and spatial distribution of the flux. The estimation of the TSUNAMI sequence gives a higher negative contribution for the lower energy groups, however, it does not cause a significant difference in the global estimation.
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[bookmark: _Ref70520190]FIG. 3.	The group wise contribution of the three main reaction type to the void reactivity worth for the V4 case divided by the unit lethargy calculated by three codes (SCALE, SEnTRi, SERPENT)
The relative uncertainty of reactivity worth was calculated with sensitivity coefficients from the TSUNAMI sequence and the SEnTRi code using the 252-group covariance library of the SCALE code system. The uncertainty analysis was also performed with sensitivity coefficients calculated by the SERPENT code in 56-group with the 56-group covariance library. The total uncertainties estimated by the three codes are listed in Table. 1 and the results are in good agreement with each other.

TABLE 1.	Comparison of the nuclear data uncertainties of the lead void coefficient and their standard deviations.

	
	SEnTRi
	SCALE
	SERPENT

	Uncertanity [%]
	26.025
	±0.012
	22.641
	±0.729
	24.140
	±0.784


Calculations for the ALFRED reactor
A detailed description of the ALFRED reactor core can be found in Ref. [21] and the layout of the core is shown in FIG. 4. ALFRED has a pool-type configuration and is going to utilize MOX fuel in two different enrichments. The core can be divided into three concentric regions. The inner fuel region contains 57 hexagonal, and 4 safety assembly. The outer fuel region is made up of 114 fuel assemblies and contains 12 control assemblies. In addition, the core is surrounded by 110 dummy assemblies, which serve as reflector for the core. This layout and different enrichments result in more uniform power distribution in the core. Each fuel assembly contains 127 fuel pins arranged in hexagonal lattice and have total height of  with the active length of . ALFRED is designed to generate  thermal power at nominal conditions which is converted to approximately  electric power in the secondary cycle and supplied to the grid. All calculations were performed for the Beginning Of Life (BOL) state and material composition.
[image: ]
[bookmark: _Ref70520215]FIG. 4.	The ALFRED reactor core design [8]
0. Approximations and model description
The SCALE and SERPENT detailed geometry models were constructed based on Ref. [21] applying all the suggested approximations. However, to perform the calculations with the PARTISN code, a cylindrical approximation of the geometry, and employment of the homogenized cross-section libraries was necessary.
The main aim of our investigations was to determine three reactivity feedback coefficients for the ALFRED reactor and the uncertainty originating from the nuclear data with different codes and methods. The coolant temperature coefficient (CTC), the cladding expansion coefficient (CEC), and the fuel temperature coefficient (FTC, Doppler) were investigated in these calculations. In order to perform the calculations with LPT, the sensitivity coefficients were calculated for the reference and with some assumptions in Eq. 3 the Eq. 8, 9 and 10 can be derived.
	
	(7)

	
	(8)

	
	(9)


In all three cases of the DPM calculation, a roughly 200 °C temperature difference was targeted to achieve sufficiently high reactivity differences and remain close to the linear range of the perturbation. The assumption that the expansion of the cladding only influences the quantity of the coolant in the unit cell was used in the LPT calculation of the cladding expansion coefficient . A  increase in the claddings outer diameter was applied in DPM which corresponds to roughly  change in its temperature. In Eq. 8 , the temperature-dependent density of the coolant was altered by  to perform the calculations for the coolant temperature coefficient . Therefore, the density was changed in the DPM calculation by  in the active region and the top reflector region since these are the domains which would be affected first by a presumed change in heating power. For the Doppler coefficient  resonance-corrected cross-sections were calculated with the CSASI module of the SCALE code package for an  increased temperature to perform the LPT calculations and in the DPM calculations, the fuel temperature was increased accordingly.
Sensitivity and uncertainty calculations for the ALFRED reactor
The three reactivity feedback coefficients (the coolant temperature coefficient, the cladding expansion coefficient, and the fuel temperature coefficient) was determined with the three codes and with the direct perturbation method and the linear perturbation theory, and are compared in FIG. 5, FIG. 8, and FIG. 9.
In the LPT calculations the coefficients can also be divided according to contributing regions. For the CTC calculations two domains were separated: an active and an upper region, which were chosen with the consideration that the increasing power would change the temperature in these parts of the reactor first. In FIG. 6, and FIG. 7 the results from the different codes are compared by the reaction and energy dependent contributions for the given domains. The inelastic scattering and the capture reactions give a positive contribution, primary in the active region, for this coefficient. As the number density of the lead decreases, the loss rate of neutrons decreases due to the capture reactions and the efficiency of thermalization is also reduced due to the inelastic scattering. These effects will result a spectrum hardening and a positive feedback in fast reactor design. The energy dependence of the average number of emitted neutrons per fission is greater over higher energies and consequentially, high-energy neutrons have a higher importance. However, the elastic scattering can compensate these effects since the decreasing quantity of lead in the core also leads to a higher leakage. This effect gives a high negative contribution in both regions. The reaction and energy dependent values are in an outstanding agreement for the capture and inelastic scattering, however small differences can be observed for the elastic scattering. In FIG. 5 the cumulated coefficients estimated with LPT are compared for the two regions and the total coefficients are also compared to the DPM results. The opposing effects results smaller contribution in the active region, while the increasing leakage in the upper reflector is more relevant.
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[bookmark: _Ref70520300]FIG. 5.	Coolant temperature coefficient calculated by the three codes and with the two method. In the case of LPT calculations, the contributions of the effected regions are also presented.
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[bookmark: _Ref70520359]FIG. 6.	The group wise contribution of the three main reaction type to the coolant temperature reactivity coefficient divided by the unit lethargy calculated by three codes for the active region. (SCALE, SEnTRi, SERPENT)
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[bookmark: _Ref70520364]FIG. 7.	The group wise contribution of the three main reaction type to the coolant temperature reactivity coefficient divided by the unit lethargy calculated by three codes for the upper region. (SCALE, SEnTRi, SERPENT)
It was shown in [8] that the expansion of the cladding is analogous to the decreased density of the lead, which allows the assumption in Eq. 9. Therefore, similar results are obtained along the same earlier presented considerations, however the expansion of the cladding effects the lead above and below the active region. In this case the feedback coefficient was divided up to three components and are compared to each other and DPM results in Fig. FIG. 8. Even though the DPM results of the Monte Carlo codes has a high uncertainty, as  change in the radius equals to  reactivity change, the results from the different codes and methodologies are in a good agreement.
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[bookmark: _Ref70520306]FIG. 8.	Cladding expansion coefficient calculated by the three codes and with the two method. In the case of LPT calculations, the contributions of the effected regions are also presented.
It is visible, on Fig. FIG. 9, that the values of Doppler coefficients from different methods and codes are very close to each other. The sign of the coefficients is negative in all cases, and due to the larger fertile isotope ratio in the fuel composition of the inner fuel assemblies have stronger feedback.
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[bookmark: _Ref70520313]FIG. 9.	The fuel temperature coefficient (Doppler) calculated by the three codes and with the two method. In the case of LPT calculations, the contributions of the effected regions are also presented.
The nuclear data uncertainty of the reactivity coefficients was determined from sensitivity coefficients calculated by the TSUNAMI sequence and SEnTRi code. The same 252-group covariance library of the SCALE code system were applied in these estimations, and the final uncertainties are shown in Table 2. The calculations from sensitivity coefficients of the SCALE code have fairly high errors compared to the deterministic method, however the total uncertainty agrees quite well. In these cases, especially for the cladding expansion coefficient, reactivity response sensitivities suffer from high errors due to the small difference between effective multiplicity factors of the two states. This error causes a significant standard deviation for the final uncertainness. This effect becomes more significant as the reactivity difference decreases and the error of the effective multiplicity factor becomes more relevant, which can be observed for the calculations of the Cladding expansion.
In [9] the 44-groups covariance matrix of SCALE6.1 was used and larger differences were taken in to account during the calculation of the perturbed states, which resulted in a higher reactivity effect and a better standard deviation in the final uncertainties. As the calculations were performed for different perturbed states and the Beginning of Cycle fuel composition (BoC) the results are quite hard to compare, however, the contributors appear in similar order and magnitude.

TABLE 2.	Comparison of the nuclear data uncertainties of the three reactivity feedback coefficients and their standard deviations.  

	Uncertainty [%]
	PARTISN
	SCALE

	Fuel temperature coefficient
	3.932
	±0.015
	6.696
	±1.448

	Coolant temperature coefficient
	10.799
	±0.109
	10.359
	±8.514

	Cladding expansion coefficient
	8.988
	±0.371
	8.342
	±45.08


Conclusion
In this paper, reactivity feedbacks were studied by direct and linear perturbation theory in order to analyse the efficiency and accuracy of fundamentally different calculation methods. The continuous energy SERPENT Monte Carlo code, the multigroup TSUNAMI-3D sequence of the SCALE program package, and the PARTISN discrete ordinate neutron transport code coupled with the newly developed SEnTRi was used.
In order to verify these computational methods, a benchmark experiment carried out on the COMET Critical Assembly was modelled with the different codes and the lead void coefficient and its uncertainty were determined. The elastic scattering gave large negative contribution to the final void coefficient, however, the contribution of the inelastic scattering and capture reactions determine the positive feedback. The uncertainty of the reactivity worth of the lead due to the uncertainty of nuclear data was estimated by using the sensitivity coefficient determined by the three codes, with good agreement. The high uncertainties imply that cross-section databases should be improved further to be fit for fast-reactor simulations.
Following this validation exercise and based on the gained experiences three reactivity feedback coefficients of the ALFRED reactor were determined with the two methods and three codes: the coolant temperature coefficient, the cladding expansion coefficient, and the fuel temperature coefficient. Similar effects were observed during the energy and reaction dependent analysis on the feedback coefficients, which confirmed the conclusions on the previous calculations on the COMET critical system. The uncertainties of the feedback coefficients were determined from the sensitivities generated by the SEnTRi code and the TSUNAMI sequence. The match between the results was satisfactory, however, the calculations with the SEnTRi code provides smaller variance due to its deterministic background. A more detailed discussion is available in [22] about the applied methods and a detailed study on the most significant contributors to the nuclear data uncertainties.
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