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Equilibrium with flow in high-beta reduced MHD models

Equilibrium with flow in fusion plasmas

- In improved confinement modes of magnetically confined plasmas,
equilibrium toroidal and poloidal flows play important roles like the
suppression of instability and turbulent transport.

Pressure anisotropy in plasma flow

- Plasma flows driven by neutral beam injection indicate strong pressure
anisotropy.

Small scale effects in MHD equilibria

- Equilibrium models with small scale effects may be suitable for modeling
steady states of improved confinement modes that have steep plasma
profiles and for initial states of multi-scale simulation.

- Two-fluid equilibria with flow and pressure anisotropy was studied for the
case of cold ions [Ito, Ramos and Nakajima, PoP 14, 062502 (2007)].

- However, finite ion Larmor radius effects may be relevant for high-
temperature plasmas in magnetic confinement fusion devices.

pi =d.\JB,. p, - ion Larmor radius, d; :ion skin depth, 8, = p, /(B; /1, )




Equilibrium with flow in high-beta reduced MHD models

- Fluid moments in collisionless, magnetized plasmas are simplified
- Grad-Shafranov type equilibrium equations can be easily derived even in
the presence of flow and several small scale effects.
- Basic physics of flow and non-ideal effects can be investigated.
- Reduced equilibrium models
» Two-fluid MHD, FLR, poloidal Alfvenic flow
[Ito, Ramos and Nakajima, PFR 3, 034 (2008)]
» MHD, poloidal sonic flow
[Ito, Ramos and Nakajima, PFR 3, 034 (2008)]
[Ito and Nakajima, PPCF 51, 035007 (2009)] — Analytic solution
» Two-fluid MHD, FLR, poloidal sonic flow, isotropic pressure
[Ito and Nakajima, AIP Conf. Proc. 1069, 121 (2008)]
» Two-fluid MHD, FLR, poloidal sonic flow, anisotropic pressure
[Ito and Nakajima, NF 51, 123006 (2011)]
[Ito and Nakajima, JPSJ 82, 064502 (2013)] — Analytic solution in the

MHD limit



e Equilibrium equations in extended-MHD

- Fluid-moment equations for magnetized collisionless plasmas
[Ramos, PoP 12 052102, 112301 (2005)]

- Electron inertia is neglected: m, ~0

- Two-fluid equilibrium equations with ion FLR

(4,,4)=(0,0) = Single-fluid MHD
=(1,0) = Two-fluid (Hall)MHD
=11 = FLRtwo-fluidMHD

V-(nv)=0, VxE=0, yJj=VxB, E=-VO,

mnv-Vo=jxB- Z{VpSL +B-V(%BH—&V-H?V,

s=i,e

E:—va+’1—H{ij{Vpu+B-V[L2pﬂ|3ﬂ},
ne B

v=v”b+vL, b=B/B
» FLR effect (4,): ion gyroviscosity Y ~&°p

» Two-fluid effects (A4,): Hall current and electron pressure



- Equations for anisotropic ion and electron pressures

ﬂ’lll

=0 = adiabaticionpressure

=1 = ionpressure with parallel heat flux

v-Vp, +2p, V-v- pub-(b-Vv)+ﬂ,”V-(qiT||b)+/1.V-qm:O,

1 1
Ev-VpiII +§pi”V-v+ pb-(b-VV)+ 2, V-(tgb)+ AV -qg, —24q, -(b-Vb)=0,

- Perpendicular (diamagnetic) heat flux: 49, =4, T4, (5 = i,€>
m 7\ Ps Py Py — Ps
quL =7I(V|| _V”) ( 1 )fd V"’es—Bb |:2 pslV( nj ||( |I|1 J_)(bvb)],
m 2 _ 1
sty Z?I(VL =v,) (v.-V)) fd3v=eS—Bb>{2pslV( prS]L )}
- Parallel heat flux: dy =4y T 9y (3 = 1, 6)

Usp Em?_[(v _Vsn)z(vn _vsll) fd*v, qg, = 2 _[(V¢ _VSL)Z( V= 5||) fd*v



- Parallel heat flux equations forions g, =g, + g,

A A
V- Kv + ne—BVp” X qu”} + Qi V- (v + ne—BVp” X bj

+p—ib-V(hj— piJ_( Py — pu)b-VB -0
m, n m;nB

A 3p, P;
v ‘KV"‘EVpu X qui8:| +2—mib'vi7j =0,

- Parallel heat flux equations for mass-less electrons, m, =0

B 'V( pe”/n):O, B V[( P/ Pes _1)8} =0

-Fluid closure condition:
jd3v(vi —Vi)(vj —Vj)(vk =) (v, =V;)f (x,v,t)

:%Ud?’v(v[i - )(v; -7, )f (x,v,t)]“d%(vk —V) (v -V, ) (x,v,t)]

» Kinetic effects in the fourth-order moments are neglected



- lon gyroviscous force for collisionless magnetized plasmas

V-H?V:v-(in?“j,

N=1

VI =-mnv,, -Vv-Vy, - v{%(v-v)B]

4 Bg (V qITL)B:|

V'H9V3:VX{BX|:£(C+C1) }’ V'H?M:V-H?VS:O’

V-E—iVX(th, Z\,EMB'(VXV)! Zq B- (quu)

582



Orderings for reduced MHD

e Compressible high-3 tokamak and slow dynamics orderings
- Large aspect ratio and high-[3 tokamak p
c=a/Ry <1, B, ~eB;, p~&(Bi/u,), |V,|~1/R, |V,|~1/a

a,R, :minor and major radii of a torus
B, B, : poloidal and toroidal magnetic fields

p:pressure

- Weak compressibility Vv, ~evyp/a, (v=vy,0 +vy)
The fast magnetosonic wave is eliminated.
- Flow velocity for slow dynamics d=p,/a<l, p, :ionLarmor radius

V~Vyup ~ Vg ~ OV, ‘V-Hgv ~5%|Vp|~&'mnvy, g~ pv~3Spy,

* Strong pressure anisotropy: ‘IO” - IOJ ~P

e Parallel heat flux can not be neglected: ‘q” ~ Ch‘ ~ pv

* Poloidal sound velocity v, ~v, ~(B,/B,)\yp/p ~&\yp/p ~ &Vy:
2
v’ ~(B,/B,) yp~&*(Bi/u,) = S~¢
* Transition between sub- and super-poloidal-sonic flow appears.
e Higher-order terms should be taken into account.



Equilibrium flow comparable to poloidal sound velocity

[Ito and Nakajima, NF 51, 123006 (2011)]
Reduced equilibrium equations

- Axisymmetric equilibria:

0/0p=0, B=VyxVep+IVgp [cylindrical geometry (R, 0, Z)}

_AsymptOtIC eXpanSIOnS: f — f0+ f1+ f2—|— f3—|—---, f1~gf01 f2 ~82 foa f3 ~83f0,
- Lowest order quantities are functions of WV,

O, =@, (w,), Ny =ny(yy), Pip = Pu(W),  Pin= Pin(¥y),
P = pe||1(W1) Peis = peJ_l(l/jl) l, = |1(W1)

- Higher-order quantities are determined by v, and v,

Psgz2 = PegWa + (X/ RO)CS{H,J_}(WI) + P2 (l/jl)’
Shift from magnetic surfaces

D, = (D’ﬁ”z +(X/R0)ch (l//1)+q)2*(l//1)’ n = néWz +(X/R0)Cn (';Vl)"' nl*(Wl)’
vy =(X/Ry)Cy (w1) + V. (1),
Ay = (X/Ry)Coq(w1) + U (1), Usgy =(X/Ry)Cogey (1) + Ugy (1)




»  PygoVie POy 0. are arbitrary functions of ¥4

> C,...C,.C,.C.,C..,C.q.,C, areobtainedfrom

s{ll, L} =i sqil” = sqBl|?
the equations for pS{H,L}Z,v”,CDZ, Ny gy 1y Gy l,
- Poloidal force balance B B X
Piss + Peyy +——— Iy =const,, Pyt Pep+- — 15 _(_ Z(psm —P) =0, (‘//1)’
oMo HoRy Ry )oe

- Radial force balance yields the Grad-Shafranov (GS) type equations

62 aZ , , , |2 ' —
(GRZ +E]W1 =—14R; |:[Ri) Z(ps||1+ ps¢1)+g*}_(?l] ’ (X =R-R,;, x~ a)
0

s=i,e

|2

62 62 2 X " " 241 1 ' l al//l 82 62 er//l|2
(8R2 +622j%{ﬂORO LR_J;%(pSN A b B e ) o

2
' ' ' 1 ' ' ' '
- ,Uo R(? I:E* + [RLJ Z (F)SLZ* + I:)s||2>r< ) + E(RL] Z ( psil + ps||1 + CsLl + Cs|1):| '
0

0 / s=i,e s=i,e

- GS equation for y, includes the effect of flow, FLR and pressure anisotropy:

pS - ps
Flv)= [VE = (A —4)Vs :|(VE —AVa )+ 2 W
S=l1,e 0 0
Gyroviscous cancellation Pressure anisotropy

Ve (Wl),Vdi (W1)1 Poloidal Alfven Mach numbers of the E'xB drift and the ion diamagnetic
drift velocities



Analytic solution for single-fluid MHD

[A. Ito and N. Nakajima, Plasma Phys. Control. Fusion 51 035007 (2009), 61
029501 (2019)]
e Reduced GS equations for MHD equilibria can be solved

analytically for linear profiles
P = 5(32/%)2910%’ 9. + I [2u, R = (B Q/MO)QC%
M3, = uym,n, (R@ /B) =eMy ¥, U =0 /v, e, =4,/Y
E =p, =p, =0, v, p,. 9, and M, areconstant.

( : poloidal Alfven Mach number of poI0|daI flowg
-Sub-sonic poloidal flow - Super-sonic poloidal flow

Black: pressure isosurfaces
Gray: Magnetic flux surfaces

- Magnetic surfaces are modified due to flow
- The pressure maximum is shifted outwards for sub-sonic flow
and inwards for super-sonic flow



Analytic solution for single-fluid equilibrium with flow
and pressure anisotropy: (4.4 )=(0,0)

[A. Ito and N. Nakajima, J. Phys. Soc. Jpn 82 064502 (2013),
88 028001 (2019) ]

e Anisotropic ion pressure in the presence of the parallel heat flux,

A =1
» Singularity
M ipc — %(6 Pijc T Pejuc t \/ 24 piilc + pez||1c ) - i T
(slow magnetosonic and ion acoustic waves) ... : /
M3, = P, (ionacoustic wave) | ,Wm/,,,,; ; 3
- Pressure contour (black) and - Pressure profiles

magnetic flux surfaces (gray)




Numerical solution for the FLR two-fluid model

e Profiles of free functions:
Pey :5(85 //uo) psl||c(W1/Wc)4’ Psrs :g(Bg //Uo) psuc(W1/Wc)4’ N, = noC(Vﬁ/WC)Z

g + Zﬂ:Rg =" (B3 [ 45) 9. (Wi 1 w,), Ve =VeVe, (v /) Vg =4V p. (v 1w, )
pS c + ple_c
= Cs{||,L} = 5( Bg /,UO)CS{”,L}C (Wl / W, )4 , Cs{||,J_}c = const. P, = S;)ﬂl#

* Dependence of higher-order termson v, for 4,=0 (v, - joo1p,)
e |sotropic pressure
e Adiabadic electron pressure

MHD FLR+TF
20 | | ‘
O’ 1 i &
+ 0 i 3 +
S} % | J
-3 -2 -1 0 1 2 3 -3 2 1 0 1 2 3
Vie ' NV Pre Vie ' NY e
» 2 singular points (1 sound wave) » 2 singular points (1 sound wave)

» Symmetric » Asymmetric due to ion diamag. flow



_MHD
+ | NN
s
N1 .
o 1 2 3
Vie I NV Pre Vie INYPie
» 6 singular points (3 sound waves) » 6 singular points (3 sound waves)
» Symmetric » Asymmetric due to ion diamag. flow
- Singular points appear due to the ordering ‘ p— minvﬂ/p ~1.

- Small scale effects on regular solutions for single-fluid MHD are studied.



 Boundary conditions:
» Circular cross-section, wv,(1,0)=0, w,(,6)=0.
» Up-down symmetry

* Finite element method

» GS Eq. for y;: nonlinear, solved iteratively

» GS Eq. for y,: linear, solved by substituting
* Numerical solutions

» Finite element method with N? meshes
» Linear profile: benchmarked with analytic solution

Z.N(Nﬂ)['//lu -y (R, 6’)] Zi'i(N+l)[‘/72| — Y, (T, gi)]z
zN(N+1) —2 zN(N+1) —2 '

2
5errl -

5err2 =

W1i» Wai : Numerical solutions at each grid points

v, (%, 6.), w,(F,6,) : Analytic solutions at each grid points

o | | The analytic solution enables the benchmark of
10 ‘ ‘ ‘ numerical solution.




» Shift of isosurfaces of ion stream function from magnetic surfaces:
(waV‘P)-(RVgD)

Single-fluid MHD FLR Two-fluid
1 =l 006 1 e 006
004 004
05 | 05 |
002 002
7 of 0 o} 0
- 0.02 - 0.02
05 F 05
0.04 0.04
A 0,06 1 0.06
4 05 0 05 1 4 05 0 05 1
X X R X
Y, =Yy, + (X/RO)/IH Cy (Wl) +¥,.(v1), Cy (‘//1) = _—O[Cu _( P — pu) +Cq + Py — pei:|

eB,
Isosurfaces of ion stream function shift from magnetic surfaces due to

two-fluid effect, but it also depends on FLR effects.

> Shift of pressure isosurfaces occurs due to flow or pressure anisotropy
even in the single-fluid model
& (Vi xVp,)-(RVo)

1 0.06 1 0.06
0.04 0.04

o5 } 05 |
0.02 0.02

ok 1l o ok 0

- H 0.02 . H 0.02

05 | a5 |
-0.04 -0.04
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> Effect of pressure anisotropy

- Electron stream function

, R
Y.,=Y,v,+ (X/RO)/lH Cye (l//l) +W¥.,,. (Wl), Cue (l//1) = _e?O[Cen —Co + 2( Pepn — peﬂ)]
0
(VyxV¥,)-(RVe) Pressure anisotropy
Single-fluid, FLR two-fluid, FLR two-fluid,
P # Psis P = Psis P # Psis

| ———————g 0% | — =g 0% e ———— g 0%
|H 0.04 | 0.04 | 0.04

05 1 05 | 1 o5 | 4
| |H 002 | |H 002 ! |+ 002

7 of i 0 o} i 0 o} 1 0

j |8 -0.02 j |H -0.02 j - |H -0.02

oz | ] os | ] o5 | 1
B -0.04 B -0.04 B -0.04
4l B .06 a4l I8 006 s : 8 .06

1 05 0 05 1 1 05 0 05 1 1 05 0 05 1

X X X

Shift of the isosurfaces of the electron stream function occur in the
presence of both two-fluid effects and pressure anisotropy



» Pressure profiles in the midplane

( Pijpe = 2.0 Piiicr Peppc =15 Peiicr Bipe + Pitic = Pepec peuc)

25

-1 -0.5 0 0.5 1
X

Anisotropic pressures for ions and
electrons are self-consistently obtained.

- Solutions depend on the sign of ExB flow compared to that of ion

diamagnetic flow
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Reduced MHD equations for stability in the presence of

poloidal flow
e Reduced-MHD equations with 4/6t+0,5/6¢p+0

- must include equilibria with poloidal-sonic flow when
8/6t=0,8/0p=0

- require the energy conservation up to 0[83(55/%)]

- are needed for stability of toroidal equilibria with strong
poloidal flow

e Reduced MHD equations with higher order terms
- We modify the reduced equations found by Strauss [NF 23, 649
(1983)] to apply for
high-beta plasmas with dynamics of slow magnetosonic wave

and non-constant density.

e Reduced MHD equations v=(1+x/R,)VU x(B/B)+Vv,(B/B), B=HxVg+I1Ve,
o 1 0F 0°F
H=Vy gaw®V§(R’Z)+§a¢a§

Leading order force balance: P, +

VO(R,Z).

0

]1 = const.
00



Leading order pressure equation: v-Vp =0
a_p R

0

Sl

[(vu Vp)H-(H-VU)Vep+IVUxVe|-Vp

J xVo+ BOROVgp]Vp

+,0V( j [(VU -Vp)H-(H-VU)Vp+1VUxVop|
RB (vu Vp)V-H+H-V(VU-Vg)-Ve-V(H-VU)+VI (VU x V)|
0
=0
2 R,(VU xV V., -(pRV U —RSWMZ R*-R)
5 T Re(VUxV)- V[V, -(pRV.U) 41 p =t = {R* - RS )
. j,op 1 oH
+|HxVep+BR,|1- Vo Rj, )+ u,—>—+ -Vp=0,
{ 00( z/ﬂoj } V(R "B, 0¢p  ByR, 09
oy _R* oU oD o R D
VU xH)+B—-—, Vp=
ot Ro (P( X ) 8(0 6¢) p[@t+R(VUxV¢) }V+BOROH1+Bg/ﬂo]HxV¢+BOROVgD} Vp =0,
P, p
= B R Ku Bj/uojHXV¢+ BOROVgo]Vp+(R/BRO)[IVU><V¢)+(VU -Vo)H-(H-VU)Ve]-Vp
+;/p{H><V(0+BORO(1 P jw} v{ MR (1+ P ﬂ+7/pV(R/BRO)-[IVUxV(p+(VU-Vgo)H—(H-VU)V(p]
/:Uo B,R Bo/zuo

+7/BI;R[(VU V)V-H+H-V(VU -Vp)-Vp-V(H-VU)+VI-(VU x V)] =0,

0




1 ol |? |
——+(VUxVgp)-V VU -Vp)V-H+H-V
R’ 8t+( Vo) (RORBJJFRORB( PIV-H+ {

B(VU -Vgo)}

0

H-VU Y7
HxVo).V ° (H-VU)(Vo-Vp)=0.
+HHxVo) (RORB j+RORB( )(Ve-Vp)

2
1 8(§8F) 1 aF:ﬂop JERO(V§XV®)'V¢

coc\"oe) Fo0”  cum)
10 9gacﬁ +1523>:£5 4PV 10 (1mpay
FoE\Cos | 200 fos\7 B, o6 ) £00| B, 00 )

By taking asymptotic expansions for axisymmetric equilibria,
reduced equilibrium equations are reproduced

Shear Alfven and slow magnetosonic waves are found in the
homogeneous, cylindrical limit

- Energy conservation

%%jds’x{pﬂvuf +v“2)+ﬁ(|H|2 + |2)+%}=0,

can be shown with asymptotic expansions in gup to 0[63(35/%)]-



Magnetic flux coordinates

[A. Ito and N. Nakajima, PPCF 61 105006 (2019)]

Flux coordinates obtained from analytic MHD equilibrium with
flow

Flux coordinates (,0) for different poloidal flow velocities

( Red: yy+ew,, Blue: v,)
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- Flux coordinates are modified due to poloidal flow
- Flux coordinates will be used for stability analysis



Summary

« Reduced equations for two-fluid equilibria with flow
- Two-fluid equilibria with toroidal and poloidal flow, ion FLR,
pressure anisotropy and parallel heat flux have been derived
from the fluid moment equations for collisionless magnetized
plasmas.
e Analytic solution for single-fluid equilibria
- The solution indicates the modification of the magnetic flux
and the departure of the pressure surfaces from the magnetic
surfaces due to flow.
- Complicated characteristics in the region around the poloidal
sound velocity due to pressure anisotropy and the parallel heat
flux have been found.



« Numerical solution for two-fluid equilibria with ion FLR

- The isosurfaces of the magnetic flux, the pressure and the
ion stream function do not coincide with each other.

- Pressure anisotropy associated with parallel heat flux has
been included in the numerical code.

- Solutions depend on the direction of ExB flow compared
to that of ion diamagnetic flow.

- Reduced MHD equations

— We have derived time-dependent reduced MHD equations
consistent with the high-beta tokamak equilibrium with
strong poloidal flow.

* Flux coordinates in equilibrium with flow

— We have obtained modified flux coordinates by adding
second order magnetic flux in the presence of poloidal flow.
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