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Abstract
Sandpile models have been used to provide simple phenomenological models without incorporating the detailed
features of a fully featured model. The Chapman sandpile model (Chapman et al Physical Review Letters 86, 2814 (2001))
has been used as an analogue for the behaviour of a plasma edge, with mass loss events (MLEs) being used as analogues for
(and anagrams of) ELMs. Here we modify the Chapman sandpile model to form comparisons with pellet pacing, which is
used to reduce or eliminate ELMs. We use two different versions of the Chapman model, one in which the system is allowed
to relax following an avalanche before further sand (dx) is added (classic model), and one in which further sand is added
while an avalanche is propagating (running model). For this purpose, we modify the models in two different ways. First, we
increase the amount of sand added at each time step, so that we move from the low driving model typically used in sandpile
modelling to a high driving model. Second, we add 'bursts' of sand at intervals which are synchronised to MLEs in the
sandpile, by way of comparison with pellet injection in a fusion plasma. We then analyse the behaviour of the sandpile in
these new models, focusing on changes in the total system size, and on the maximum MLE size (by way of analogy with
maximum ELM size). We observe that at low dx, potential energy (Ep) varies with dx in the running model, while Ep
remains constant in the classic model. Analysis of Ep/Ep max against dx/Zc for increasing dx shows that step changes
occur, often at integer ratios. An heuristic explanation is suggested for this behaviour.

1.

INTRODUCTION

Pellet injection has been extensively used as a candidate for ELM control and reduction in fusion plasmas.[110]Pellet size, frequency, and location have all been tested experimentally on ASDEX Upgrade[6, 8, 11], DIIID[2, 4], JET[5, 8, 12], and EAST[13, 14] and ELM control using pellets is being considered for use in ITER[5,
15].
One way of addressing the impact of pellet injection on both confinement and ELM behaviour is to seek to
identify a physical system whose relaxation processes have characteristics similar to those of the ELMing
process under consideration. Of particular interest is the sandpile[16], whose relevance to fusion plasmas is well
known[17, 18].
Sandpile models generate avalanches, which may be internal or result in loss of particles from the system. These
avalanches are the response to steady fuelling of a system which relaxes through coupled near-neighbour
transport events that occur whenever a critical gradient is locally exceeded. The possibility that, in some
circumstances, ELMing may resemble avalanching was raised[19] in studies of the specific sandpile model of
Ref.[20]. This simple one-dimensional N-cell sandpile model[19, 20] incorporates other established models[16,
21] as limiting cases. It is centrally fuelled at cell n = 1/500, and its distinctive feature is the rule for local
redistribution of sand near a cell (say at n = k) at which the critical gradient Zc is exceeded. The sandpile is
conservatively flattened around the unstable cell over a fast redistribution lengthscale Lf, which spans the cells n
= k - (LF - 1), k - (Lf - 2), ... , k+1, so that the total amount of sand in the fluidization region before and after the
flattening is unchanged. Because the value at cell n = k+1 prior to the redistribution is lower than the value of
the cells behind it, the redistribution results in the relocation of sand from the fluidization region, to the cell at n
= k + 1. If redistributions are sequentially triggered outwards across neighbouring cells, leading to sand
ultimately being output at the edge of the sandpile, an avalanche is said to have occurred. The sandpile is then
fuelled again, either after the sandpile has iterated to stability so that sand ceases to escape from the system
(`classic model'), or immediately after the first `sweep' through the system has been completed (`running
model').
In the `classic' sandpile model, the avalanche may propagate through the sandpile multiple times until the
system ceases to output sand, prior to further fuelling of the sandpile. Effectively, fuelling is paused until the
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system is stable, which reflects the instantaneous nature of an avalanche, by comparison to the slow addition of
single grains of sand. In the `running model' which was first explored in [22], the sandpile is fuelled again as
soon as the first iteration of the avalanche is complete, while the sandpile remains in critical state. In the low
fuelling regime, little difference is observed between the classic model and the running model, as the sandpile
may take, say, 500 iterations to reach stability, during which time enough sand has been added at the first cell to
cause the critical gradient to be exceeded between the first and second cells a further one or two times.
Compared to the total amount of sand which may be lost in the continuing avalanche, the further added sand is
of little relevance. By comparison, if a high fuelling rate is employed, then the extra sand added during the
continuing avalanche becomes significant, and can significantly change the overall behaviour in the running
model.
Typically, sandpile models are analysed in the low driving regime, as low driving is considered to be necessary
to achieve a separation of time scales which is a condition of SOC [23]. High driving has also been considered
in relation to the Chapman model [23, 24] and been found to lead to the elimination of the smallest scale
avalanches. Further, an analogy between the Reynolds number, and the relationship between driving and
dissipation has been identified and found to give a means of distinguishing between turbulence and SOC[25,
26]. In this study, we have focused on the high discrete driving regime, and its relationship to the total potential
energy of the system, and to mass loss events (MLEs).
Here, following [22], we seek to draw comparisons with pellet pacing by varying the amount of sand, dx, added
at each time step. We do this both by setting a high constant dx in order to move into the high fuelling regime,
and also by varying dx intermittently to seek to trigger avalanches. By doing this, we are able to compare
systems where `pellets' are added at each time step before the system has an opportunity to fully relax (using
high constant dx in the running model), and systems in which the system can fully relax between `pellets', using
the classic model at low fuelling with the intermittent addition of `pellets'.
We also briefly comment on the behaviour of the classic model at high fuelling, although our focus is on the
behaviour of the running model at high fuelling, and on the introduction of intermittent pellets into the classic
model.
The lengthscale Lf, normalized to the system scale N, is typically [17, 19, 24, 27, 28] treated as the model's
primary control parameter Lf/N, which governs different regimes of avalanche statistics and system dynamics.
Unlike some implementations of the Chapman model[17, 19, 24, 27, 28], but following [22] and [29], Zc is
single valued, rather than being randomized. The phenomenology generated by this model has several features
resembling tokamak plasmas, including edge pedestals, enhanced confinement[19] and self-generated internal
transport barriers[28]. Particularly relevant here are the systemwide avalanches, or MLEs, resulting (unlike the
more numerous internal avalanches which are not considered here) in mass loss from the sandpile.
We observe that there is no single relationship between driving, waiting times, and potential energy, which
holds in all regimes. Further, the nature of the relationship is different for the classic model and the running
model. We comment here on the different relationships in different driving regimes, and offer some suggestions
as to the reasons for those relationships, and whether there are real world scenarios which may be informed by
those reasons.
2.

INTERMITTENT EXTRA SAND

We have taken the classic and running models and added extra sand (pellets) in various combinations of
intervals, and pellet size, by way of comparison to pellet pacing in fusion plasmas.
In general, we observe that Ep and maximum MLE size move in the same direction (up or down), although
maximum MLE size changes more quickly than Ep.
For this purpose, there is a close relationship between the high driving regime discussed in section 3 below and
the intermittent addition of extra sand. If the extra sand is absorbed into the sandpile without triggering an MLE,
then the addition of the extra sand may serve simply to increase fuelling of the system. On the other hand, if the
intermittent addition of extra sand triggers an MLE when the extra sand is added, the system may behave quite
differently. Three waiting times are considered here - the waiting time between pellets, Tp, the 'natural' waiting
time between MLEs for a given amount of fuelling (including pellet fuelling), Tn, and the actual waiting time
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observed, Ta. Tn and Ta will be equal to each other if the pellets do nothing more than add to total fuelling,
without triggering a 'shock' to the system which triggers an immediate MLE before the system would otherwise
have reached a critical state if the total fuelling had been constant.
Lang [8] discussed pellets added at lower frequencies (higher Tp) with pellet timing aligned to ELM onset.
These pellets triggered ELMs. Lang[8] observes that as pellets increase the plasma density, this in turn increases
the L-H threshold.
We have tested these observations against our model. We observe that while Ep increases with pellet size,
maximum MLE size also increases, and at a faster rate.
For `macro' pellets, we show here results for two primary waiting times - 70000 and 100000. Short and long Tn
are typically observed in the model: the 'short' Tn for this model with dx=1.2 is ~70000, with a longer Tn at
~140,000. The values of Tp selected therefore represent different stages in build-up approximately at, or post,
avalanching (recognizing that the additional fuel added by way of ‘pellets’ also increases total fueling).
We observe that the size of the maximum MLE is roughly equal to double the amount of material added during
the longest waiting time. As a result, if the longest waiting time remains approximately constant while the
amount of material added per unit time increases, then the maximum MLE size goes up.
As shown in FIG. 2(a), for Tp=70000, both potential energy and maximum MLE size increase, although
maximum MLE size increases faster, with increasing pellet size. It is apparent that, at least in this model, adding
pellets at the core will not reduce MLE size. In order to reach the threshold for triggering MLEs with the
addition of each pellet, pellets must be so large that the resulting MLE is of a greater size than 'natural' MLEs,
and, further, that fuelling becomes effectively dominated by pellets. As a result, pellet fuelling at the core is not
effective to reduce MLE size in this model.
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FIG. 1 Variation of Ep, Max MLE, and Max Ta with pellet size. Pellets are added at the core. (a) Tp
= 70,000; (b) Tp= 100,000
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3.

HIGH DRIVING - CONSTANT FUELLING

3.1. Introduction
We now consider the impact of increasing constant fuelling, primarily in the running model. We have also
considered increasing constant fuelling in the classic model, in which little effect is seen other than to increase
MLE frequency due to the faster build-up of the sandpile.
3.2. Ep for classic and running models - low driving
Before commenting on the high driving regimes, we first comment on some relationships observed at low
driving, for the purposes of observing the changes in those relationships as driving increases. For all examples,
Zc=120, meaning that for dx=1.2, dx/Zc=0.01.
We first consider changes in the driving regime for the classic and running models up to dx = 30. FIG. 2 shows
that the classic and running models produce very similar results in terms of Ep up to dx=1.2, but vary
significantly above dx=1.2. At its simplest, this variation may be attributed to the amount of fuel added during a
continuing avalanche in the running model becoming significant, while the increase in fueling in the classic
model does not impact on total system size, but simply on the waiting time between MLEs.

FIG. 2 (a) Ep versus dx up to dx = 2, for classic and running models. It is notable that Ep is effectively constant
for all values of dx shown here in the classic model, while Ep gradually increases in the running model.
However, the increase in Ep for values of dx up to 1.2 is very minor and may only represent noise. (b) Ep versus
dx up to dx = 30, for classic and running models. It is notable that Ep is effectively constant for all values of dx
shown here in the classic model, while Ep gradually increases in the running model.
3.3. Relationship between driving and potential energy - running model
We now turn to consider the behaviour of the running model at high constant driving. Unlike the classic model,
significant changes in behaviour of the system are observed as driving increases in the running model.
We show in FIG. 3 Ep against dx for four different sets of values of Zc and Lf, for values of dx/Zc up to 1. A
clear upward trend is observable as we increase dx/Zc up to about .3, with a subsequent general decline, subject
to significant detailed structure.
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FIG. 3 Potential energy/Maximum potential energy vs dx/Zc (all unitless). The potential energy measured is the
average potential energy (given by the sum of the squares of the cells) after the system has evolved from a nil
sandpile to a 'steady state', which typically takes several hundred thousand iterations. The three curves which
largely coincide represent data for different values of Zc, but common values of Lf. The other curve represents
data for a changed value of Lf. It is notable that fine structure is seen around integer ratios of dx/Zc

We first comment on the upwards trend, before commenting on the detailed structure. The primary peak is
situated at approximately dx/Zc=0.3, which is to say that the energy of the sandpile is maximised if the amount
of sand added at each timestep is about 1/3 of that sufficient to provoke an avalanche (assuming an otherwise nil
gradient at the top of the sandpile). In most cases, the avalanche will not be systemwide, but will terminate
before it reaches the edge.

FIG. 3 demonstrates that the fine structure relates to integer ratios of dx/Zc. Further, the shape of this potential
energy curve is unchanged with variations in Zc, although it is not constant with changes in Lf. We also observe
that while all significant changes appear to correspond with integer ratios, not all integer ratios correspond with
significant changes.
A qualitative explanation for this behaviour may be suggested as follows. As demonstrated in FIG. 4, the
amount of sand to be distributed at each time step will increase as dx increases, but will decrease just at or after
integer ratios of dx/Zc. In FIG. 4(a), where dx exceeds Zc by a small amount, only a single unit of dx is to be
distributed at each timestep. In FIG. 4(b), where Zc exceeds dx by a small amount, two units of dx are
distributed in each avalanche, approximately at every second timestep.
In a particular example, the point at which the amount of sand to be distributed increases or decreases will also
be dependent upon the actual gradient of the sandpile at that time. Although the sandpile may have a non-zero
average gradient, it will nonetheless commonly be the case that adjoining cells take on identical values, as a
result of avalanches which have not caused the critical gradient to be exceeded at all cells, even though they
may have propagated entirely through the sandpile. From the perspective of such adjoining cells, the total
amount of sand added to the system may result in the critical gradient being exceeded at those points, even
though the sum of the average gradient and dx is greater than the critical gradient at other points in the sandpile.
The closer the actual gradient to the critical gradient following an avalanche, the lesser the amount of sand
which must be added to trigger the following avalanche. The larger the amount of sand to be redistributed in a
particular avalanche, the less likely it is that the sand will be assimilated within the sandpile, rather than causing
a systemwide avalanche[23].
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FIG. 4 (a) dx=32, Zc =30. One iteration enough for gradient to exceed Zc. 32 grains to be distributed.(b) dx=29, Zc =30.
Two iterations required for gradient to exceed Zc. 58 grains to be distributed.

Regardless of whether or not the integer ratio behaviour observed in the potential energy curve is repeated in
other sandpile models, this heuristic explanation suggests that the behaviour may be observable in real world
scenarios involving large discrete fuelling. In particular, this behaviour may be observed in fuelling of a fusion
plasma by pellet injection.
4.

CONCLUSIONS

These observations may be summarized as follows:
a)

Addition of pellets at the core results in an increase in Ep in the system, but also results in larger
MLEs, suggesting that the addition of pellets at the core is not effective for MLE (or ELM) reduction;
b) At low dx, Ep varies with dx in the running model, while Ep remains constant in the classic model;
c) Waiting times scale inversely with fuelling in the classic model, consistent with the observation that Ep
is unchanged, such that MLEs depend on the amount of sand in the system, and not on the rate at which
the sand builds up
d) Comparing Ep/Ep max against dx/Zc for increasing dx shows that step changes occur, often at integer
ratios. An heuristic explanation is suggested for this behaviour
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