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Abstract:
Gyrokinetic theory of nonlinear mode coupling as a mechanism for toroidal Alfvén eigenmode
(TAE) saturation in the fusion plasma related parameter regime is presented, including 1) parametric decay of TAE into lower kinetic TAE (LKTAE) and geodesic acoustic mode (GAM), and
2) enhanced TAE coupling to shear Alfvén wave (SAW) continuum via ion induced scattering.
Our theory shows that, for TAE saturation in the parameter range of practical interest, several
processes with comparable scattering cross sections can be equally important.
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Introduction

Shear Alfvén wave (SAW) instabilities, manifested as various Alfvén eigenmodes (AE) due to
equilibrium magnetic geometry and/or plasma nonuniformity in tokamaks, such as toroidal
Alfvén eigenmode (TAE) [1], are expected to play important roles in burning plasmas with
energetic particle (EP) contributing signiﬁcantly to the total energy density [2]. TAE can
be strongly resonantly driven by EPs, and lead to EP transport and degrade overall plasma
conﬁnement, as reviewed and discussed in Ref. [2]. The transport rate is related to TAE
amplitude, and thus, understanding the nonlinear dynamics of TAE including saturation, is
important for accessing the properties of burning plasmas in future reactors. In this paper,
gyrokinetic theory of nonlinear mode coupling as a potential mechanism for TAE saturation
in the burning plasma related parameter regime is presented, including 1) parametric decay of
TAE into lower kinetic TAE (LKTAE) and geodesic acoustic mode (GAM), and 2) enhanced
TAE coupling to SAW continuum via ion induced scattering. The consequences on EP transport
and thermal plasma heating, are also discussed. Our theory shows that, for TAE saturation
in the parameter range of practical interest, several processes with comparable scattering cross
sections can be equally important [3, 4].
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2

Parametric decay of TAE into LKTAE and GAM

In this section, we consider the decay of a TAE into a GAM and LKTAE in the continuum
as one possible mechanism for TAE nonlinear saturation. The process considered here, besides the apparent eﬀects on TAE nonlinear saturation, may lead to plasma heating via ion
Landau damping of the secondary GAMs. The generated GAM, as the ﬁnite frequency component of zonal structures, may interact with, e.g., drift wave turbulences, leading to improved
conﬁnement.
To investigate the nonlinear interactions among the pump TAE (ω0 , k0 ), GAM (ωG , kG )
and LKTAE (ωL , kL ), the scalar potential δϕ and parallel vector potential δA∥ are adopt
as the ﬁeld variables. One then has, δϕ = δϕ0 + δϕG + δϕL , with the subscripts 0, G and
S denoting pump TAE, GAM and LKTAE, respectively. Furthermore, δψ ≡ ωδA∥ /(ck∥ ) is
taken as an alternative variable, and one has δψ = δϕ in the ideal MHD limit. For TAE and
lower KTAE with high toroidal mode numbers in burning plasmas, we adopt the well-known
ballooning-mode decomposition in the (r, θ, ϕ) ﬁeld-aligned ﬂux coordinates
∑
δϕ0 = A0 ei(nϕ−m0 θ−ω0 t)
e−ijθ Φ0 (x − j) + c.c.,
j

δϕL = AL ei(nϕ−m0 θ−ω0 t) e−i(

∫

k̂G dr−ωG t)

∑

e−ijθ ΦL (x − j) + c.c..

j

Here, (m = m0 + j, n) are the poloidal and toroidal mode numbers, m0 is the reference value of
m, nq(r0 ) = m0 , q(r) is the safety factor, x = nq − m0 = nq ′ (r − r0 ), k̂G is the radial envelope
due to GAM modulation and k̂G ≡ nq ′ θk in the ballooning representation, Φ is the ﬁne radial
structure associated with k∥ and magnetic shear, and A is the envelope amplitude.
While for the secondarily generated GAM, we assume it is predominantly electrostatic, and
has both the usual meso- scale structure and an additional ﬁne-scale radial structure due to
the radially localized structure of the pump TAE
∫
∑
δϕG = AG ei( k̂G dr−ωG t)
ΦG (x − j) + c.c..
j

Here, ΦG is the ﬁne scale structure of GAM [5], and the summation over j is the summation
over the radial positions where the pump TAE poloidal harmonics are localized. As a result,
kG = k̂G − i∂r ln ΦG êr , and one typically has |∂r ln ΦG | ≫ |k̂G |.
The governing equations describing the nonlinear interactions among TAE, LKTAE and
GAM, can then be derived from quasi-neutrality condition and nonlinear gyrokinetic vorticity
equation, and the particle responses are derived from nonlinear gyrokinetic equation, noting
the |k∥ vt,e | ≫ |ω| ≃ |VA /(2qR0 )| ≫ |k∥ vt,i | ≫ |ωd,e |, |ωd,e | orderings for TAE/LKTAE while the
ωG ∼ |vi,t /R0 | ≫ |ωtr,i |, |ωd | orderings for GAM.
The nonlinear vorticity equation of LKTAE is derived as
EL δϕL = i(c/B)kG kθ,0 [(Γ0 − ΓG )/ωL + (1 − ΓL )σ0 /(σL ω0 )] δϕG∗ δϕ0 .

(1)

Here, EL ≡ (1 − ΓL ) − k∥2 VA2 σL bL /ωL2 is the WKB dispersion relation of LKTAE, with σT =
1 + τ − τ ΓT ≡ δψT /δϕT describing the deviation from ideal MHD condition and generation of
parallel electric ﬁeld due to kinetic eﬀects, subscript T denoting modes in the TAE frequency
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range, τ ≡ Te /Ti , Γk ≡ ⟨Jk2 F0 /n0 ⟩ and kθ,0 = −m/r is the poloidal mode number of Ω0 (ω0 , k0 ).
Noting that ωL = ω0 − ωG , the nonlinear coupling coeﬃcient of equation (1), recovers that
of equation (10) (taking only “-” for lower sideband) of Ref. [6] for KAW lower sideband
generation by pump KAW beating with ﬁnite frequency convective cell, when only the electrostatic convective cell generation is considered, and assuming |ωG | ≪ |ω0 | in the small β limit.
The LKTAE eigenmode dispersion relation can be derived, noting that VA2 ∝ (1 − 2(r/R0 +
′
∆ ) cos θ) due to toroidicity [7] with ∆′ being the Shafranov shift. We then obtain
EˆL AL = i(c/B0 )kθ,0 α̂L AG∗ A0 ,

(2)

∫
with EˆL ≡ dr|ΦL |2 EL being the LKTAE eigenmode dispersion relation, and the contribution
of
geometry and mode structure on the nonlinear coupling fully accounted for in α̂L ≡
∫ toroidal
2
dr|Φ0 | |ΦL |2 kG ((Γ0 − ΓG )/ωL + (1 − ΓL )σ0 /(σL ω0 )).
The nonlinear GAM equation in the electrostatic limit can be determined from the nonlinear
vorticity equation. Noting that LKTAE could be heavily radiative damped, it is necessary to
keep both its linear and nonlinear particle responses while deriving the nonlinear GAM equation.
After some tedious but straightforward algebra, one obtains
[
]
EG∗ δϕG∗ = i(c/(BωG ))kG kθ,0 Γ0 − ΓL − (bs − b0 )k∥2 VA2 σ0∗ σL /(ω0 ωL ) δϕ0∗ δϕL .
(3)
The two terms on the right hand side of equation (3) are the generalized Reynolds and Maxwell
stresses, valid for arbitrary k⊥ ρ∑
i . Here, EG is the linear dispersion function of GAM, deﬁned as
2
[8] EG ≡ ⟨(1 − JG )F0 /n0 ⟩ − Ti s ⟨qs JG ωd δHGL ⟩/(n0 e2 ωδϕG ). Taking ΦG∗ ≡ Φ0∗ ΦL as the fast
varying component [5] of GAM, one then have the eigenmode dispersion relation of GAM:
EG∗ AG∗ = i(c/(BωG ))kθ,0 α̂G A0∗ AL .
[
]
(∫
)
∫
Here, α̂G ≡ Φ0∗ ΦS kG Γ0 − ΓS − (bs − b0 )k∥2 VA2 σ0∗ σS /(ω0 ωS ) dr/ Φ0∗ ΦS dr .
The nonlinear dispersion relation can then be derived from equations (4) and (2)
EˆL EG∗ = − (ckθ,0 /B0 )2 (α̂G α̂L /ωG )|A0 |2 .

(4)

(5)

In the long wavelength limit, equation (5) recovers equation (17) of Ref. [9], where a pump
TAE decaying into a GAM and a TAE lower sideband is discussed.
Note that, LKTAE could be heavily radiative damped, depending on plasma parameters.
In Ref. [4], the parametric decay process is investigated assuming LKTAE is a weakly damped
normal mode. In the following, we consider another limit that LKTAE is a heavily damped
quasi-mode. Noting that, EG∗ = −2ibG (γ + γG ) /ωG , with γG being the collisionless damping
rate of GAM [10], and that LKTAE could be heavily radiative damped with EˆL,I comparable
to EˆL,R and EˆL,R and EˆSL,I are respectively the Hermitian and anti-Hermitian parts of EˆL , one
then has the GAM growth rate
γ = −γG − (ckθ,0 /B0 |A0 |)2 (α̂G α̂L /(2b̂G |EˆL |2 ))(iEˆL,R + EˆL,I ).

(6)

So GAM can be excited through this proposed mechanism, given that, ﬁrst, α̂G α̂L EˆL,I < 0
for eﬀective drive; and second
− (ckθ,0 /B0 |A0 |)2 (α̂G α̂L /(2b̂G |EˆL |2 ))EˆL,I > γG

(7)
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which determines the threshold condition on TAE amplitude to overcome the GAM collisionless damping. These two conditions, generally, requires numerical solution since they
have complex dependence on the mode structures, and thus, equilibrium geometry. However, analytical estimations can be made in the simpliﬁed limits, e.g., for bS ≪ 1 which is
though, not the general case for KTAE. Noting that for |b| ≪ 1, Γk (bk ) ≃ 1 − bk − 3b2k /4
and σk ≃ 1 +(τ (bk + 3b2k /4), one then has α̂G ≃ kG (b̂L )− b̂0 ) (1 − ωA2 /(4ω0 ωL )) < 0, and
2
α̂L ≃ (kG
/ωL ) b̂G − b̂0 + b̂S (1 − ωG /ω0 )(1 + τ b̂0 )/(1 + τ b̂L ) > 0. At the same time, EˆL,I > 0
for heavily damped LKTAE. Thus, α̂G α̂L EˆL,I < 0 is satisﬁed, and radiative damping of LKTAE
indeed leads to the eﬀective drive of GAM.
Noting that |kr,0 | ∼ O(nq ′ /ϵ0 ), |kr,L | ≃ O((ϵ0 ρ2i /(n2 q ′2 ))−1/4 ) ≫ |kr,0 |, |kG | = |kr,0 + kr,L | ≃
|kr,L |, and that |δBr | ≃ |kθ δA∥ |, the threshold condition for the nonlinear process can be
2
estimated as, in the |b̂L | ≪ 1 limit: |δBr /B0 |2 ∼ (γG /ωG )(k∥,0
/b̂L )(|EˆL |2 /EˆL,I ). The eigenmode dispersion
relation of LKTAE, can]be written as [7, 11] EˆL ≡ −(πkθ2 ρ2i ωA2 /(22ξ̂+1 Γ2L (ξˆ +
[ √
ˆ + δWf , with Γ(ξ)
ˆ and Γ(ξˆ + 1/2) being gamma-functions,
1/2)ωL2 )) 2 2Γ(ξˆ + 1/2)/(α̂Γ(ξ))
√
ξˆ ≡ 1/4 − Γ+ Γ− /(4 Γ− ŝ2 ρ̂2K ), Γ± ≡ ωL2 /ωA2 ± ϵ0 ωL2 /ωA2 − 1/4 determining the lower
√ and upper
2
2
2 2
2
accumulational point of toroidicity induced gap, ωA ≡ VA /(q R0 ), α̂ = 1/(2 Γ− ŝ2 ρ̂2K ) and
ρ̂2K ≡ (kθ2 ρ2i /2)(3/4 + Te /Ti ) denoting the kinetic eﬀects. The threshold condition can then be
roughly estimated as |δBr /B0 |2 ∼ 10−9 , comparable to other channels for TAE nonlinear saturation via wave-wave coupling, e.g., ZFZS generation [3, 9]. The consequences of the present
decay process, considering LKTAE being a heavily damped quasi-mode, on TAE nonlinear
saturation and plasma heating, can be analyzed following closely that of Ref. [4], and will be
reported in a future publication.

3

Gyrokinetic theory of TAE nonlinear saturation via
ion Compton scattering

Another channel for TAE nonlinear saturation is ion Compton scattering, ﬁrst investigated in
Ref. [12], considered that there exists many TAEs in the system, located at diﬀerent radial
positions with their frequency slightly diﬀerent by local parameters. TAEs are characterized
by |k∥ | ≃ 1/(2qR0 ). Thus, two counter-propagating TAEs with radially overlapped mode
structures can couple and generate ion sound-wave like mode with much lower frequency, and
|k∥ | ≃ 1/(qR0 ); which, in turn, induces the TAE spectral transfer of ﬂuctuation energy towards
lower frequency TAEs. The wave energy is, eventually, absorbed by linearly stable lower frequency TAEs with stronger coupling to SAW continuum. The theory of Ref. [12] assumed the
2 2
long wavelength MHD limit with ω/Ωci ≫ k⊥
ρi , where the nonlinear couplings occur through
the parallel ponderomotive force induced by b · δJ × δB nonlinearity. For future burning plas2 2
mas of interest, however, the parameters usually fall in the short wavelength k⊥
ρit > ω/Ωci
range [2], and the perpendicular coupling due to Reynolds and Maxwell stresses may dominate,
leading to much lower TAE saturation level than the prediction of Ref. [12] and consequently,
much lower EP transport.
In this section, we generalize the theory of Ref. [12] to fusion plasma relevant short wavelength regime using nonlinear gyrokinetic theory. The analysis, following closely that of Ref.
[12], though the nonlinear coupling cross-section is much bigger, due to the contribution of
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Reynolds and Maxwell stresses in the short wavelength limit.
To investigate the nonlinear TAE spectrum evolution, we adopt the standard nonlinear
perturbation theory, and consider a test TAE Ω0 = (ω0 , k0 ) interacting with a background
TAE Ω1 = (ω1 , k1 ) and generating an ion sound wave like mode ΩS = (ωS , kS ). The subscripts
0, 1 and S denote test TAE, background TAE and ion sound mode, respectively. Ω0 = Ω1 + ΩS
is adopted as the frequency/wavenumber matching condition. For eﬀective spectrum transfer
by nonlinear ion Landau damping, we have |ωS | ∼ O(vit /(qR0 )), i.e., the ion sound mode
frequency comparable to thermal ion transit frequency. Therefore, Ω0 and Ω1 are counterpropagating TAEs, with ω0 ≃ ω1 and k∥,0 ≃ −k∥,1 . Low-β (plasma to magnetic pressure ratio)
is also assumed, i.e., β ≪ ϵ2 , such that the nonlinearly generated sideband is also a TAE in the
toroidicity induced gap, as is the case of Ref. [12]. In the high-β limit with β > ϵ2 , however, the
pump TAE decay into a LKTAE in the continuum in one single step, and the TAE saturation
process becomes very diﬀerent. The TAE decay in high-β limit will be investigated in another
publication [15].

3.1

Nonlinear parametric instability

The nonlinear generation of ion sound mode due to Ω0 and Ω1 beating, is derived from
ES δϕS = i(Λ̂/ω0 )β1 δϕ0 δϕ1∗ ,

(8)

where Λ̂ ≡ (c/B0 )b̂ · k0 × k1∗ , ES ≡ 1 + τ + τ ΓS ξS Z(ξS ) is the linear dispersion function
of ΩS , with ξS ≡ ωS /(k∥,S vit ) and Z(ξS ) is the plasma dispersion function. Furthermore,
β1 ≡ σ0 σ1 + τ F̂1 (1 + ξS Z(ξS )), with Fˆ1 ≡ ⟨J0 J1 JS F0 /n0 ⟩, σk ≡ 1 + τ − τ Γk .
Since ΩS could be heavily ion Landau damped, one needs to include both its linear and
nonlinear responses while deriving the nonlinear particle responses to Ω0 . Substituting it into
the quasi-neutrality condition, one has
(
)
(2)
δψ0 = σ0 + σ0 δϕ0 + D0 δϕ1 δϕS ,
(9)
[
]
2
in which,
≡ Λ̂ −σ1 σ0 + τ F̂2 (1 + ξS Z(ξS )) |δϕ1 |2 /ω02 and D0 ≡ iΛ̂τ F̂1 [1 + ξS Z(ξS )] /ω0 .
The nonlinear eigenmode equation of Ω0 , can be derived from vorticity equation as
)
(
)
(
2
VA2 D0 δϕ1 δϕS .
E0 + E0N L δϕ0 = − D2 ω02 /b̂0 + k∥,0
(10)
(2)
σ0

2

2
Here, E0 ≡ ϵT (Ω0 ) is the WKB linear dispersion relation of Ω0 , with ET ≡ k∥,T
VA2 σT − (1 −
)
(
(2)
(2)
(2)
2
VA2 σ0 with α0 = Λ̂2 F̂2 − F̂1 (1 + ξS Z(ξS )) |δϕ1 |2
ΓT )ωT2 /b̂T , and E0N L ≡ −α0 /b̂0 + k∥,0
[
]
and D2 = −iΛ̂ F̂1 (1 + ξS Z(ξS )) − ΓS ξS Z(ξS ) − Γ1 /ω0 . Note that, the TAE WKB dispersion

relation deﬁned here, has a 1ωT2 /b̂ coeﬃcient compared to that of Sec.2. σ (2) and α(2) correspond,
respectively, to the contribution of nonlinear particle response to ΩS on ideal MHD constraint
breaking and Reynolds stress.
Substituting equation (8) into (10), we obtain
)
(
E0 + E0N L δϕ0 = −(Λ̂2 β1 β2 /(b̂0 τ ES ))|δϕ1 |2 δϕ0 ,
(11)
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with β2 ≡ β1 /σ0 − ES . Equation (11) describes the nonlinear evolution of the test TAE Ω0 due
to the nonlinear interactions with Ω1 . Since ion Compton scattering related to ΩS ion Landau
damping may play an important role for TAE
( saturation,
) we write the coeﬃcients explicitly as
NL
2
2
functions of ES , i.e., E0 = −(Λ̂ /b̂0 )|δϕ1 | Ĝ1 + Ĝ2 ES with Ĝ1 = (1−Γ0 )σ12 −σS Ĝ2 and Ĝ2 =
(
)
F̂2 − F̂1 − (1 − Γ0 )τ F̂2 /σ0 /(τ ΓS ). On the other hand, β1 β2 /(τ ES ) = Ĥ1 + Ĥ2 ES + Ĥ3 /ES
(
)(
)
(
)
with Ĥ1 = σ0 σ1 − F̂1 σS /ΓS 2F̂1 /ΓS − σ0 /(τ σ0 ), Ĥ2 = F̂1 F̂1 /ΓS − σ0 /(τ σ0 ΓS ), and
(
)2
Ĥ3 = σ0 σ1 − F̂1 σS /ΓS /(τ σ0 ). The nonlinear Ω0 eigenmode dispersion relation, can then be
derived, by multiplying both sides of equation (11) with Φ∗0 , noting that ES varies much slower
than |Φ0 |2 and |Φ1 |2 in radial direction, and integrating over the radial domain. One then has
(
)
ES Eˆ0 − ∆0 |A1 |2 − χ0 ES |A1 |2 A0 = −Ĉ0 |A1 |2 A0 ,
(12)
∫
in which Eˆ0 is the linear TAE eigenmode dispersion relation, deﬁned as Eˆ0 = |Φ0 |2 E0 dr.
The coeﬃcients, ∆0 , χ0 and Ĉ0 , corresponding respectively to nonlinear frequency shift, ion
Compton scattering and shielded-ion scattering, are given
as ∆0 = ⟨⟨Λ̂2 (Ĝ1 − Ĥ1 )/b̂0 ⟩⟩, χ0 =
∫
⟨⟨Λ̂2 (Ĝ2 − Ĥ2 )/b̂0 ⟩⟩, Ĉ0 = ⟨⟨Λ̂2 Ĥ3 /b̂0 ⟩⟩, with ⟨⟨· · · ⟩⟩ ≡ (· · · )|Φ0 |2 |Φ1 |2 dr accounting for the
contribution
of TAE
(
) ﬁne scale mode structures. χ0 can be further simpliﬁed, and yields χ0 =
2
2
⟨⟨Λ̂ F̂2 − F̂1 /ΓS /(τ b̂0 σ0 ΓS )⟩⟩, which is positive deﬁnite.
Equation (12) can be considered as the equation describing nonlinear parametric decay of a
pump TAE (Ω1 ) into TAE (Ω0 ) and ion sound mode (ΩS ) daughter waves, which can be solved
for the condition of Ω1 spontaneous decay. Note that ΩS could be heavily ion Landau damped,
depending on plasma parameter regime such as τ , two parameter regimes with distinct decay
mechanisms shall be discussed separately.
For weakly damped ΩS due to, e.g., τ ≫ 1, both ΩS and Ω0 are normal modes of the system,
and the parametric dispersion relation is given as
(γ + γS )(γ + γ0 ) = Ĉ0 |A1 |2 /(∂ω ϵS,R ∂ω Eˆ0,R ),
(13)
S

0

with γS and γ0 being, respectively, the damping rates of ΩS and Ω0 , and the subscript “R”
denoting real part.
On the other hand, for τ ∼ O(1), ΩS is heavily ion Landau damped, and becomes a quasimode. One then obtains, from the imaginary part of equation (12),
(
)
γ + γ0 = |A1 |2 Ĉ0 /|ES |2 + χ0 ES,i /(∂ω0 Eˆ0,R ),
(14)
and the parametric instability γ > 0 requires ω1 > ω0 ; i.e., the parametric decay can spontaneously happen only when the pump TAE frequency is higher than that of the sideband, and
the parametric decay process leads to, power transfer from higher to lower frequency part of
the spectrum, that is, downward spectrum cascading [12].

3.2

TAE spectral transfer and saturation due to nonlinear ion scattering

Summation over all the background TAEs within the strong interaction region, i.e., counterpropagating and radially overlapping with Ωk , and the frequency diﬀerence |ωk − ωk1 | comparable with ion transit frequency (|vi /(qR0 )|), denoting TAEs with their eigenfrequencies, i.e.,
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Ik → Iω , the summation over “k1 ” can be replaced by integration over “ω”, given many background TAEs within the strong interaction range with Ωω (continuum limit). One then has,
the wave-kinetic equation describing the TAE spectral transfer:
∫ ωM
2
(∂t − 2γL (ω)) Iω =
dω ′ V (ω, ω ′ )Iω′ Iω ,
(15)
∂ω Eω,R ωL
(
)
with Iω ≡ |∇Aω |2 , V (ω, ω ′ ) ≡ Ĉ/|ES |2 + χ0 ES,i /b̂ω′ , ωM being the highest frequency for
TAE to be linearly unstable, ωL being the lowest frequency for IωL > 0. For TAEs excited
in the toroidicity induced gap to minimize continuum damping, one has ωM − ωL ≃ O(ϵ)ωT ,
comparable with the TAE gap width.
The nonlinear saturation condition can then be obtained from ∂t Iω = 0:
∫ ωM
−1
γL (ω) = −(∂ω Eω,R )
dω ′ V (ω, ω ′ )Iω′ .
(16)
ωL

Noting that Iω′ varies in ω ′ much slower than V (ω, ω ′ ), and Iω′ ≃ Iω − ωS ∂ω Iω , we have
γL (ω) = (U0 Iω − U1 ∂ω Iω ) /(2ω).
(17)
∫ ω−ω
∫ ω−ω
Here, U0 ≡ ω−ωML dωS V (ωS ) and U1 ≡ ω−ωML dωS ωS V (ωS ). Noting that, for the ion Compton
scattering process to be important, one requires ωM − ωL ≫ vit /(qR0 ) and that V (ωS ) ∝ ES,i
is an odd function of ωS varying on the scale of vit /(qR0 ), one then obtain
∫ ωM
1
ωγL (ω)dω,
Iω ≃ IM (ωM ) +
(18)
U1 ω
2
with IM (ωM ) ≡ Iω (ω = ωM ), U 1 ≃ π 3/2 (C/|ES |2 + χ0 ) k∥,S
vit2 /(2b̂ω ). The value of Iω at
ωM , IM (ωM ), on the other hand, can be determined noting that for |ω − ωM | ≪ |k∥,S vit |
and replacing the lower and upper integral limits of U0 and U0 by, 0 and ∞, and one has
U0 (ωM ) ≃ U1 /(k∥,S vit ) and U1 (ωM ) ≃ U1 /2. IM (ωM ) can then be derived from equation (17),
noting that |U0 Iω /(U1 ∂ω Iω )| ∼ |(ωM − ωL )/(k∥,S vit )| ≫ 1, and one has
∫ ωM
2k∥,S vit ωM γL (ωM )
2
Iω =
+
ωγL (ω)dω.
(19)
U1
U1 ω

The overall TAE intensity at saturation, can be derived by integrating the intensity over
the ﬂuctuation population zone, and we have
(
)2
∫ ωM
ωM
γL 3
.
ωT 1 −
IS ≡
(20)
Iω dω ≃
ωL
U1
ωL
In deriving equation (20), we replaced the TAE linear growth rate γL with its spectrum averaged
value, γL (ω) ≃ γL , which is validated by the fact that, for burning plasma relevant parameter
regimes, a broad TAE spectrum with comparable linear growth rate can be driven unstable.
The saturation level of the magnetic ﬂuctuations, can then be derived as
ϵ2 ϵ2ef f
ωT γ L kr2
|δBr | ∼
2π 3/2 (Ĉ/|ES |2 | + χ0 )Ω2ci
2

(21)
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with ϵef f ≡ 1 − ωM /ωL ∼ O(ϵ) following Ref. [12], and |kθ,T /kr,T | ≃ ϵ for TAEs is assumed.
This suggests that, for TAE saturation in the parameter range of practical interest, several
processes with comparable scattering cross sections may be equally important [2, 13].
The obtained TAE saturation level and spectrum, can then be applied to derive the ion
heating rate from ion nonlinear Landau damping [14] and the EP transport coeﬃcient, which
will be reported in a future publication [15].
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